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Course Overview

While the introductory course (67731) on convex optimization focuses on formulating
and recognizing convex optimization problems, the emphasis of our course is more
algorithmic. We revisit some of the most fundamental problems in optimization and
introduce efficient methods for solving these problems. Starting from core techniques,
we proceed to cover some of the recent major achievements in the area of mathematical
programming. In particular, we discuss the emerging interplay between optimization
and machine learning.

0.1 Case Study: Ridge Regression

As an example, consider the optimization problem associated with the commonly used
method of ridge regression. We are given a sequence of vector instances x1,...,x, €
R? and corresponding labels yi,...,y, € R. For a reqularization parameter A > 0,
the objective is given by

A
(s = + Sl (1

We also assume' that |z|; < 1 for all i. We next observe that exactly minimizing the
objective is equivalent to solving a linear system. Precisely, denoting C' = % S w
and b = %Z?:l yix;, an equivalent objective is given by

min le(C’ +ADw—w'b .

weRd
Since C' + A is positive definite, the objective is convex. By first-order conditions,
minimizing the problem is equivalent to solving the system C'w = b. This can be done
by standard methods in numerical linear algebra like Gaussian Elimination. Forming
the matrix C' takes O(nd?) and computing the inverse takes O(d¥), where w < 2.373
is the current value of the matrix multiplication constant.

When n and d are huge, it is often not practical to invert or even to store the

matrix C'. Instead of computing an exact minimizer, we now seek for an efficient

L As we shall see later, this assumption is w.l.o.g.



6 0.1 Case Study: Ridge Regression

iterative method that converges to an optimal solution as fast as possible. We begin
with the well known Gradient Descent algorithm. Noting that the gradient at any
point w is Cw + Aw — b, we can apply the Gradient Descent (GD) algorithm. Note
that computing C'w does not require neither the computation nor the storage of C.
Instead, we iteratively process all the x;’s and sum the terms z;(z,w). Thus, the
runtime per iteration? is O(nd).

The next natural question is how many iterations are needed in order to obtain a
good approximation. For a desired accuracy € > 0, we will establish the upper bound
O(X11log(1/€)) on the number of iterations until reaching e-approximation. We refer
to the quantity A\~! as the condition number of the problem. We remark that the
dependence on this quantity can be improved using either the Conjugate Gradient
(CG) method or the Accelerated Gradient Descent (AGD) method of Nesterov.

In the last decade, stochastic methods have become indispensable tools in opti-
mization and in particular in machine learning optimization problems. More con-
cretely, stochastic first-order methods such as Stochastic Gradient Descent (SGD)
use only a random subsequence (a.k.a. mini-batch) of (x1,y1),...,(zn,yn) in order
to form an unbiased estimate of the gradient on each round. While this modification
reduces the complexity per iteration, it also introduces an undesired noise and con-
sequently, the convergence rate deteriorates. For example, the convergence rate of
the SGD, which uses only a single random example for each estimate, scales at least
linearly with 1/e (rather than logarithmically).

Recently, several fast stochastic methods have been developed to remedy this
situation. Roughly speaking, the suggested methods employ sophisticated techniques
in order to reduce the variance induced by the estimation process. We will study the
SDCA algorithm (| |) and show that its runtime per
iteration is O(d) and its convergence rate is O((n+ A1) log(1/¢)). That is, it is faster
than GD by factor min{n, \=*}. As with GD, we can improve the dependence on A~*
by using acceleration techniques.

Last, consider the regime where d is moderate but n and A\~! are extremely
large. We will (hopefully) study recently developed random linear sketching methods.
Roughly speaking, given a matrix A, a linear sketch of A is a smaller random matrix
AS. Based on Johnson-Lindenstrauss type results, a sketch-and-solve approach can
be used to significantly reduce the overall computation. For our case we will see an
algorithm due to | ] whose runtime is®> O(d® + nd). We
summarize the comparison in Figure 1.

2Note that the complexity per iteration of GD can be bounded by N +d, where N is the number
of nonzeros in the sequence z1,...,z,. While a trivial bound on N is nd, many machine learning
problems are very sparse, resulting in a much better upper bound on N. This is an important
advantage of first-order methods over Gaussian elimination which has does not exploit data sparsity.

3Throughout these notes, the notation O(-) has nearly the same meaning as O(-); the only
difference is that we hide polylogarithmic dependencies.
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Method overall runtime
Gaussian elimination nd? + d¥
GD dny~?
SDCA d(n+~71)
Sketch-and-solve d® + nd

Figure 1: Comparison between numerical methods for approximately minimizing lin-
ear regression with respect the square loss (equivalently, approximately solving a
linear system). We compare overall runtimes while ignoring logarithmic terms.

Course organization: In the first part of the course we study convex analysis
while closely following the first three chapters of | ]. We then
proceed to cover fundamental deterministic methods for unconstrained (convex) opti-
mization such as Gradient Descent and Newton’s method. Borrowing ideas from the
first two parts of the course, we next study efficient interior point and cutting-plane
methods for constrained optimization. Finally, we will study advanced stochastic
methods such as SDCA and linear sketching.
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Part 1

Convex Analysis






Chapter 1

Background

1.1 Euclidean Spaces

We start by reviewing some basic properties of Euclidean spaces. We denote by E an
arbitrary Euclidean space, that is, E is a finite-dimensional real vector space, equipped
with an inner product!' (-,-). The inner product induces a norm by ||z| = +/{x, ).
The unit ball is defined by B = {z : ||z|| < 1}. For two sets C, D < E and a subset
A € R, we define

C+D={x+y:xeCyeD} , A\C={ x: ) eANzeC}.

The set of nonnegative reals is denoted by R,. A set C' < E is called a cone if
R,.C = C. An important example of a cone is the nonnegative orthant R := {z €
R™ : each z; = 0} is a cone.

Once we have the notion of norm, a topology is naturally defined. The interior of
a set D € E, denoted int D, consists of all the points x for which there exists » > 0
such that x +rB < D. The set D is said to be open if D = int D. We say that z € E
is the limit point of a sequence (z,,) < E if lim,, o |z, — Z| = 0. The closure of D,
denoted cl D, consists of all the limit points of D. A set D € E is closed if it contains
all of its limit points, i.e., if D = clD. The boundary of a set D < E is defined
by bd D = cl D\int D. As an example, the interior of the nonnegative orthant, R,
is the positive orthant, R} = {z € R" : each z; > 0}. Conversely, cIR?}, = R’.
Hence, the nonnegative orthant is closed (but not open) whereas the positive orthant
is open (but not closed). An exercise shows that a set D is closed if and only if its
complement E\D is open. A set D is bounded if there exists r > 0 such that D < rB.
Last, a set D € E is compact if it is closed and bounded.

It can be seen that x, — Z if and only if for every index i € dim(F), the i-th
coordinate of x, converges to the i-th coordinate of . This fact leads to important
generalization of results from univariate calculus.

!Unless stated otherwise, it is always assumed that vectors in E are expressed according to some
(arbitrary) orthonormal basis (e.g., in R™ we simply pick the standard basis).

11
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Theorem 1.1.1 (Bolzano- Weierstrass) Bounded sequences in E have convergent
subsequences.

A real-valued function f defined over a subset D < E is said to be continuous at
z € D if for every sequence z,, that converges to x, f(x;) — f(Z). It can be verified
that for any o € R, the level set {x € D : f(x) < a} is closed providing that D is
closed. The following important result provides sufficient conditions for existence of
an optimal solution for a minimization problem.

Theorem 1.1.2 (Weierstrass) Suppose that the set D < E is nonemptly and
closed, and that the level sets of the continuous function f : D — R are bounded.

Then, f has a global minimizer in D, i.e., there exists T € D such that f(Z) < f(x)
for all x € D.

Proof Let v = inf{f(z) : x € D}. For an arbitrary z € D, consider the set
C={reD: f(x) < f(2)}. By assumption, C' is bounded. Since f is continuous
and D is closed, C'is also closed (see Exercise (1.1.2)). We now restrict our attention
to the compact set C' and show that f attains its minimum on C'. By definition
of v, there exists a sequence (x,) in C which satisfies f(z,) — v. According to
Theorem 1.1.1, we can pick a convergent subsequence (z,,). Since C is closed, the
limit of this subsequence, Z, also belongs to C. The continuity of f implies that
f(Z) = limg_e f(2n,) = v (in particular, we conclude that v # —o0). |

In particular, a continuous function defined over a compact set has a global minimizer
(and also a global maximizer).

Convexity

Recall that a set C is convez if for every two points z,y € C' and «a € [0,1], the
point ax + (1 — a)y belongs to C. Let D < E. For any sequence x1,..., 2, € D and
a = (a,...,0) € R such that 221 «; = 1, the vector Zzl o, x; is called a convex
combination of x1,...,x,,. It follows by induction on m that a convex set consists
exactly of all the convex combinations of its points. Arbitrary intersection of convex
sets is convex. The convex hull of a subset D € E, denoted conv D, is the intersection
of all the convex sets that contain D, thus, is is the smallest convex set that contains
D. An exercise shows that conv D consists exactly of all the convex combinations of
points from D. The following elementary property of convex hulls is proven useful in
many applications (see Exercise (1.1.12)).

Lemma 1.1.1 If a linear function f defined over convD has a global minimizer
(similarly, maximizer) in conv D, then it also has a global minimizer (mazimizer) in

D.
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Proof Let z =", a;z; be a convex combination of points from D that attains the
minimum. Let z; € argmin{f(x;) : i € [m]}. Then, by the linearity of f

f(z) = Zazf(xz) = Z@z’f(fcj) = f(z;) .

The proof for the case that z attains the maximum of f is analogous. [ |

Given a convex set ' € E, we say that a function f : €' — R is convez if for all
z,y € C and o € [0,1], f(azx + (1 —a)y) < af(x) + (1 — a)f(y). The function f
is strictly conver if the above inequality is strict whenever x and y are distinct and
a € (0,1). Examples of convex functions include affine functions and norms. For a
fixed vector z € E, the function z — %z — z|? defined over E is strictly convex. The
function f is said to be concave if —f is convex.

The following basic properties of convex functions are reviewed in the exercises. It
is often eaiser to verify the convexity of a function by restricting it to a line. Namely,
a function f : C' — R is (strictly) convex if and only if for every x,y € C' (z # y),
the function ¢ : [0, 1] — R defined by ¢(t) = f(z +t(y —x)) is (strictly) convex. The
epigraph of the function f : C' — R is the set {(z,s) € C x R: f(x) < s}. It is easy
to verify that f is convex if and only if its epigraph is convex. Finally, It can be seen
that if a strictly convex function attains its minimum, then it is unique.

Exercises

Exercise 1.1.1 Let (E,{-,-)) be an inner product space.

1. Prove the Cauchy-Schwarz inequality: for every x,y € E, [(x,y)| < 1/{x, x)1/{y, y).
An equality holds if and only if x and y are linearly dependent.

2. Show that the function |z| = A/{x,x) defined over E is indeed a norm. (Hint:
The only nontrivial property is the triangle inequality. Given x,y € E, use the
Cauchy-Schwarz inequality to bound {x + y,x + y) from above.)

3. For a fized y € E, show that the function x — {x,y) is continuous.

Exercise 1.1.2 Show that any level set of the form {x € D : f(x) < a} of a contin-
wous function f: D — R is closed providing that D < E is closed.

Exercise 1.1.3 Compute the interiors and the boundaries of the following subsets of
E. Deduce which of the sets are closed or open.

1. R%, ={xeR": each z; > 0}
2. R? = {xeR": each x; = 0}

3. 8", ={AeR™: A is symmetric and positive definite}
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4. ST ={AeR¥™: A is symmetric and positive semidefinite}

5. (x) A linear subspace L < E. Distinguish between the cases dim(L) = dim(E)
and dim(L) < dim(E). (Hint: Consider the latter case and let v, ..., vy, be an
orthogonal basis for L. Consider also a completion of v, ..., v, to an orthogonal
basis, vy, ...,v, of E. Note that a vector & belongs to L if and only if for every
i >m, (Z,x;) =0. Use the continuity of the inner product (Ezercise (1.1.1)).)

6. For a point w and a scalar b, consider the halfspaces {x : {w,x) < b}, {x :
{w,xy < b}. Also, consider the hyperplane {z : (w,x) = b}.

Exercise 1.1.4

1. Show that a set D is closed if and only if its complement E\D is open.

2. (%) Show that the only two sets in E which are both closed and open are & and
E.

Exercise 1.1.5 Show that an arbitrary union of open sets is open. Similarly, an
arbitrary intersection of closed sets is closed. Deduce that int(D) is equal to the union
of all the open sets that are contained in D (thus, it is the largest open set contained
in D) and cl(D) is equal to the intersection of all the closed sets that contain D (thus,
it is the smallest closed set that contains D).

Exercise 1.1.6 Show that x, — T in E if and only if for every index i € dim(E),
the i-th coordinate of x,, converges to the i-th coordinate of .

Exercise 1.1.7 Prove Theorem 1.1.1.

Exercise 1.1.8 Suppose that the set D < E is nonempty and closed and let f :
D — R be a continuous function. Assume that for every «, the set {x : f(x) = a}
1s bounded. Show that f has a global maximizer in D. Deduce that a continuous
function f defined over a compact set D has both a global minimizer and a global
Mazrimizer.

Exercise 1.1.9 We recall some basic operations that preserve convexity of sets. Prove
the following:

1. Arbitrary intersection of conver sets is convez.

2. If C;D < E are convex, then C' + D s convex. In particular, convezity is
invariant to translation.

Exercise 1.1.10 Show that for any D < E, conv(D) consists exactly of all the convex
combinations of elements of D.
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Exercise 1.1.11 Prove that the closure of a convex set C € E is convex. Conclude
that for any set D < E, cl(conv D) is the smallest closed convex set containing D.

TODO: affine sets, relative interior, the interior of a convex set is convex

Exercise 1.1.12 (Zero-sum games) A two-player zero-sum game is defined as
follows. Let A € R™™ be a matriz. The game consists of one round in which the
row player decides on a row and the column player decides on a column. From rea-
sons that will become clear shortly, we associate the i-th row with the standard basis
vector e; € {e1,...,e,}, and the j-th column with e; € {ey,...,en}. Gwen a pair of
decisions (a.k.a. strategies), (e;,e;), the payoff of the row player and the loss of the
column player are equal to A; ;. Naturally, while the row player wishes to mazximize
its payoff, the column player would like to minimize its loss. Therefore, we consider
two important quantities:
Mm = max min A,; , mM = min_ max A .
e;:i€[n] e;j:j€[m] ej:j€[m] e;:ie[n]

The left quantity corresponds to the scenario where the column player can choose its
action based on the decision of the row player. The right quantity corresponds to the
opposite scenario. A pair of strategies (i, j) is called an equilibrium if given that the

strategy of the column player is e;, the strategy e; of the row player is optimal (i.e.,
A, < Aij forall g€ [n]), and vice versa (A; s = Aij for all s € [m]).

1. Prove the minimax inequality: Mm < mM. Describe a game in which the
mequality s strict.

2. Show that there exists an equilibrium if and only if Mm = mM . Furthermore,
a pair of strategies (e;, ;) forms an equilibrium iff Mm = A, ; = mM.

3. Suppose that we modify the game by allowing each player to select a probability
distribution over its set of pure strategies, i.e., the row player is allowed to
select a probability distribution p € A, = {p' € R" : each p; = 0, >,p, = 1}
and the column player is allowed to select a vector q € A,,. Given a pair of
strategies (p,q), the payoff of the row player (analogously, the negative loss of
the column player) is now defined as the expected payoff:

n o m
ZzpinAi,j =p'Aq .
1=11i=1

The quantities Mm and mM are now defined by

Mm = max min p' Ag , mM = min maxp' Aq .
PEA, gEA, qEAm pEA,

2For preciseness, the expression MaXe, .ic[n] Mile,:je[m] Ai;j 15 defined as follows: Consider the
function ¢ : [n] — R defined by ¢(i) = maxjcp,,) Aij. Then max,, e[, Ming, . je[m) Aij = max; €

[n]o(i).
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The definition equilibrium is generalized analogously. The minimazx inequality
certainly holds. The minimax theorem due to von Neumann says that these
quantities are equal, and therefore, there exists an equilibrium (we will hopefully
see a non-standard proof of this result).

(a) Show that A,, = conv{es, ..., e,}.

(b) Show that there exists a pure strategy e; for the row player that attains the
value mM . That is, for all ¢ € A,,, there exists i € [n] such that

e; Ag = maxp' Aq .

PEA,

Similarly, there exists a pure strategy e; for the column player that attains
the value Mm.

Exercise 1.1.13 Let C <€ E be a convexr set. Show that a function f : C — R is
(strictly) convex if and only if for every x,y € C, the function ¢, : [0,1] — R defined
by ¢a,(t) = fx + t(y — x)) is (strictly) conve.

Exercise 1.1.14 Prove the following:

1. For a fized vector T € B, the function x — 3|z — Z|* defined over E is strictly
convet.

2. Let C € E be a convex set and f : C — R be a strictly convex function. If f
attains its minimum over C', then it is unique.

Exercise 1.1.15 We recall some basic operations that preserve convexity of func-
tions. Prove the following:

1. Given a convex set C < E and convez functions (f;)ie; defined over C, show
that f = sup f; is convex.

2. Let g be a linear function from E to another Fuclidean space, Y, f:Y — R be
a convex function and let b€ Y. The function x — f(g(x) 4+ b) defined over E
1S convex.

Exercise 1.1.16 Let C € E and f : C — R. Show that f is convez if and only if its
epigraph is convex.
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1.2 Symmetric Matrices

Linear algebra plays a significant role in our studies. In this short section we consider
the vector space S of symmetric d x d matrices. We make this vector space into
a Fuclidean space by defining the Frobenius inner product. Note that for any two
n x n matrices X and Y, tr(X'Y) = Y., Z?Zl X ;Y ;. It is easily seen that the
bilinear form {-,-) defined by (X,Y) = tr(X"Y) forms an inner product. It induces

the Frobenius norm, | X|r = /(X, X) = \/2?21 Z?Zl X?;. In the sequel, we always
equip the space S? with the Frobenius inner product and norm.

According to the spectral theorem, any matrix X € S¢ has d eigenvalues which
we denote and order by A\ (X) = ... = A\g(X). We also define the vector \(X) =
(A (X),..., (X)). Let O be the group of d x d orthogonal matrices. Then, any
X € S¢ can be written in eigenvalue decomposition (EVD) form as

X = U(diag \X))U" = > \(X)uzu]

where the matrix U € O%, and the operator diag maps a d-dimensional vector z into a
diagonal matrix X with X;; = z;. The i-th column of U, denoted u;, is the eigenvector
of X corresponding to the eigenvalue \;(X). An exercise shows that | X |r = |A(X)].

An important subset of the space S? is the convex cone S of symmetric positive
semidefinite matrices, which consists of the matrices X € S? that satisfy 2T Xz > 0
for all z € RY. We also consider the subset ST < S" of positive definite matrices,
for which the above inequality is strict for all z € R™. It can be seen that X €
S? (respectively, X € S%.) if and only if all the eigenvalues of X are nonnegative
(positive). This two subsets induce an ordering relation over S, For two matrices
XY € S we write X <Y (equivalently, X — Y < 0) if Y — X € SZ. Analogously,
we write X <Y (equivalently, X -V <0)if Y — X eS?_.

Note that if X,Y € S", the Cauchy-Schwartz inequality implies that

XY < | X[e[Y e = [ACONAY)]

We conclude this section by showing an important refinement of this result, while
demonstrating an application of Lemma 1.1.1. We rely on the following theorem,
whose proof is deferred to a later stage of the course. Recall that a square matrix
is called doubly stochastic if its entries lie in the range [0, 1] and the entries in every
column and row sum up to 1. A square matrix is called a permutation matriz if its
entries lie in {0, 1} and each row and column contain exactly one entry of 1.

Theorem 1.2.1 (Birkhoff) The convex hull of the set of nxn permutation matrices
15 the set of n x n doubly stochastic matrices.

We also need the following simple lemma. For a vector x € R?, we denote by [z] the
vector with the same components permuted into decreasing order.
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Lemma 1.2.1 For any two vectors x,y € R%, (x, 9> < z], [y]).

Theorem 1.2.2 (Fan) For any two symmetric d x d matrices X and Y,
(X, V) < (X)), AM(Y))

Moreover, equality holds if and only if X and Y have a simultaneous ordered spec-
tral decomposition: there exists U € O such that X = U(diag\(X))UT and Y =
U(diag \(Y))UT.

Proof Consider the spectral decompositions X = 3% A\(X)uu] and Y = 37 \(Y )y
Then,

d d

XYY = D0 Y MONW)tr(wnf vo]) = 30 3 ACON ) 0p)?

i=1j=1 i=1j=1

Denote z; ; = (u;, v;))?. It can be verified that the d x d matrix, Z = (z; ;) is doubly
stochastic®. Hence,

(X, Y)=XX)TZXY) .

Now consider the problem of maximizing A — A(X)TAXN(Y') over all doubly stochas-
tic matrices. Combining Theorem 1.2.1 and Lemma 1.1.1, we know that it suffices
to consider this maximization problem over all permutation matrices. The desired

inequality follows from Lemma 1.2.1. The condition for equality is left as an exercise.
|

Additional notions such as projection matrices, adjoint and singular value decompo-
sition (SVD) are reviewed in the exercises.

Exercises

Exercise 1.2.1 Let A : E — Y be a linear transformation between two Euclidean
spaces. Recall that the null space (a.k.a. kernel) of A, denoted by N(A), consists of
all the vectors x for which Ax = 0. The column space of A, denoted C(A) is the set
{ye Y : 3z eE) st. Ax =vy}. The adjoint of A, denoted A*, is the unique linear
transformation from Y to E that satisfies (A*y, x) = (y, Ax) for allz e E andye Y.
Fizing bases for E and Y, the associated matrices which we also denote by A and A*,
satisfy A* = AT,

1. Show that for any linear transformation A, the column space of A coincides
with the orthogonal complement of the null space of A*.

3For example, Z?:l Zig=VTu]? = w|?*=1.



19 1.2 Symmetric Matrices

2. (%) Show that the column space of AA* coincides with the column space of A.
(Hint: Prove that the null space of AA* is included in the null space of A*.
For this purpose, note that if v # 0 belongs to the null space of AA*, then

0 = (v, AA*v) = (A*v, A*v).)

Exercise 1.2.2 Show that the bilinear form (-, ), defined over pairs of n x n matrices
by (X, Y = tr(XTY), forms an inner product.

Exercise 1.2.3 Show that S‘i 1s indeed a convex cone.

Exercise 1.2.4 Let X € S?. Show that X € S¥ (respectively, X € S, ) if and only
if all the eigenvalues of X are nonnegative (positive).

Exercise 1.2.5 An (orthogonal)* linear projection is a linear transformation P from
a space E to itself that satisfies P> = P and its column space is orthogonal to its null
space.

1. Show that P is a linear (orthogonal) projection if and only if the associated
matriz can be written as P = UUT, where U € R™* has orthonormal columns
(k < n is the rank of P).

2. Conclude that a projection matrix is positive semidefinite and k of its eigenval-
ues are one, while the rest are zero.

Exercise 1.2.6 Recall the SVD theorem: Every matriz X € R™ can be written in
singular value decomposition (SVD) form as X = UXVT, where U € R4 and V ¢
R™ ™ have orthonormal columns, and ¥ € R¥™" is a diagonal matriz. The columns

of U and V', denoted uy, ..., uq and vy, ..., v, (respectively), are named left and right
singular vectors, respectively. The p = min{d,n} diagonal entries of ¥, denoted
01(X),...,0,(X), are called singular values and we always assume that o1(X) =

.= 0,(X). We also define the vector o(X) = (01(X),...,0,(X)). Note that X
can also be written as X = Y, o;(X)uw, , where r is the rank of X (the rest of the
singular values are 0).

1. Following the above notation, show that XX € S and both the SVD and the
EVD of XXT are given by XX =>"_ 0;(X)*uu] .

2. Let Y € S% Show that if Y = Y., \i(Y)uu, is the EVD of X, then its SVD
is given by Y = > X (V) |ugv,", where v; = sgn( X (X))u;.

1 7

Exercise 1.2.7

4A linear projection is only assumed to satisfy the property P2 = P. We restrict our attention
to orthogonal projections.
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1. Show that the trace is invariant under cyclic permutations: for any sequence of
matrices Ay, ..., Ay, for which [ 2, A; is a square matriz,

tI‘(AlAm):tr(AQAgAmAl)::tI'(AmAlAm_l)

2. Show that the trace is similarity-invariant: for A, P € R™¢ tr(P71AP) = tr(A)
providing that P s invertible.

3. Show that the trace is unitary-invariant: if A e R4 and U € R™*¢ has orthog-
onal columns (m = d), then

tr(UAUT) = tr(A) .

4. Show that the Frobenius norm is unitary-invariant: if A € R>" and U ¢ Rm™*¢
has orthogonal columns (m = d), then |[UA|r = |A|F.

5. Conclude that for any matriz X, |X|r = |o(X)|, where o is the vector con-
sisting of the singular values of X (see Exzercise (1.2.6)). Also, if X € S, then
| X[ P = [AX)].

6. Show that the Frobenius norm is submutiplicative: for any two matrices A, B
for which AB is defined, |AB| < ||A||B|.

Exercise 1.2.8 Prove Lemma 1.2.1.

Exercise 1.2.9

1. Prove that following analog of Fan’s inequality: for two matrices X,Y € S,
d
(XY 2 ) M(X)Aapa-i(Y)
i=1

2. (*) Complete the proof of Fan’s theorem: show that if the matrices X,Y € S%
satisfy (X, Yy = MX),AY)), then there exists U € O™ such that X =
U(diag \(X)U" and Y = U(diag \(Y))U". (Hint: Consider the matriv X +Y
and denote its spectral decomposition by UN (X+Y)UT. Let X = U(diag \(X))UT,
Y = U(diag \(Y))UT. Prove the equality (X, X +Y) = (X, X +Y) and use
the Cauchy-Schwarz inequality (more precisely, use the condition for equality

in Cauchy-Schwarz inequality) to conclude that X = X. Similarly, show that
Y=Y.)
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Exercise 1.2.10 (PCA via Fan’s Theorem) Consider the PCA problem: we are
given a sequence of vectors, x1, ..., x, € R%, and a parameter k € [d]. We would like to
find a projection of the vectors onto a k-dimensional subspace of R? such that the sum
of squared ly-distances between points and their projection is minimized. Following
the notation from Exercise (1.2.5), we consider the minimization of

P ) |z — Py

i=1

over all d x d projection matrices of rank k. Let A =" | xx]

i

1. Show that above minimization problem is equivalent to maximizing
P—{(P/A)
over all d x d projection matrices of rank k.

2. Use Fan’s inequality to deduce that if uq, ..., ux denote the leading eigenvectors
of A = 3" xx] (ie. w; corresponds to N\(A)), then P = ¥ umu, is an
optimal solution for the above optimization problems.

Exercise 1.2.11 (Courant—Fischer—Weyl min-max principle) Let A € S?
and denote its spectral decomposition by A = Z?=1)\iUiU¢T; where \y = ... = Ay
Prove the Courant-Fischer—Weyl min-max principle: for every i € [d|, the following
identities hold:

x" Az
Ai(A) = max
2£0: x'x
rl{ut,...,ui—_1}

and u; 1S a corresponding arg max. Similarly,

_ x" Ax
Ni(A) = min
z#0: xTx
rl{ug, .., ug—it1}

Y

and u; s a corresponding arg min.
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Chapter 2

Inequality Constraints

2.1 Optimality Conditions and Basic Separation

The significance of derivatives in finding optimal solutions of optimization problems
is already known to us from a basic calculus course. In this section we investigate
further analytical notions while emphasizing the interplay between derivatives and
convexity in characterizing optimal solutions. This will lead us to a central theme in
convex analysis — separation theorems.

Consider the problem of minimizing a function f : C' — R, where C' is a subset
of E. A point 7 is called a local minimizer of f on C' if there exists a ball around x
such that f(z) < f(z) for all x € D that lies in this ball. The directional derivative
of f at Z in a direction d € E is

oy — g L 1D~ 1(E)

i " : (2.1)

when this limit exists. When the map d — f/(Z;d) is linear, i.e., there exists a €
E such that f'(z;d) = {a,d), then we say that f is (Gateaux) differentiable with
(Gateaux) derivative Vf(Z) = a. When f is differentiable’ at every point in C, we
say that f is differentiable on C'

Given a convex set C' € E and a point z € C, the normal cone to C at Z, denoted
Ne(), is the set of all vectors d € E that satisfy (d,x —z) < 0 for all z € C. It is
clear that if z € int(C'), then N¢(Z) consists exactly of the vector 0. The normal cone
gives us an elegant necessary condition for optimality.

Theorem 2.1.1 (First-order necessary condition) Suppose that C < E is con-
ver and X is a local minimizer of the function f: C' — R. Then for any point v € C,
the directional derivative f'(Z;x — T), if it exists, satisfies f'(Z;x —x) = 0. In partic-
ular, if f is differentiable at T then —V f(Z) € Neo(Z). If, in addition T € int(C') then
Vi(z)=0.

"'While Gateaux differentiability is slightly weaker than the usual (a.k.a. Fréchet) differentiability,
it suffices for our needs. The difference between these notions is explained in Exercise (2.1.1).

23
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Proof Assume that some point = € C satisfies f'(z;x — Z) < 0. Then, for small
enough t € (0,1), we have’ f(z + t(x — z)) — f(z)/t < 0, contradicting the lo-
cal minimality of z. If f is differentiable, then for all z € C, (-Vf(z),z — &) =
—f'(z;2 — %) < 0. Thus, =V f(z) € No(z). If, in addition Z belongs to the interior
of C, then N¢(z) = {0} so V f(x) must be zero. |

When convexity of the function is assumed, we can derive analogous sufficient condi-
tions for global optimality. An exercise shows that for any Z, z in a convex set C' € E,
the function ¢ € (0, 1] — w is nondecreasing providing that f is convex.
In particular, f(z) — f(z) = f'(Z;x — &). This implies the following result.

Theorem 2.1.2 (First-order sufficient condition) Suppose that f is a convex
function defined over the convexr set C' < K. Then for any points z,x € C, the
directional derivative f'(z;x — T) exists in [—o0,00). If the condition f'(z;x—Z) =0
holds for all x € C, or in particular if =V f(Z) € No(Z), then T is a global minimizer

of f on C.

In particular, critical points of a convex functions are global minimizers. Notably,
a milder “local” notion of convexity is often sufficient for optimality. The following
result is typical.

Theorem 2.1.3 Let f : R — R be a twice continuously differentiable’ function.
If Z is a critical point and V2 f(Z) is positive definite, then T is a local minimizer.
Conversely, if f is twice continuously differentiable and T is a local minimizer, then
V2f(z) is positive definite.

We now establish several important consequences of Theorem 2.1.1 and Theorem 2.1.2.

Corollary 2.1.1 (First-order conditions for linear constraints) Let C' € E
be a convex set, f: C — R, a linear map A : E — Y, and a point be Y. Consider
the optimization problem

inf{f(z) : Az = b}
If T is a local minimizer f is differentiable at T, then V f(z) € A*Y. Conversely, if f
is convex and V f(x) € A*Y, then T is a global minimizer.

As we shall see later, Corollary 2.1.1 is a direct consequence of the more general KKT
conditions.

Lemma 2.1.1 (The projection lemma) Let C € E be a closed and convez set.
For every point y € E, the projection Pc(y) = argmin, . |z — y| is uniquely defined.
Moreover, for any point & € C, y — & € No(z) if and only if T = Pc(y).

2Note that  + t(z — ) belongs to C since C is convex.
3We rely on the following fact from multivariate analysis: the Hessian of a twice continuously
differentiable function is symmetric.
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Proof We may assume that y ¢ C. Define the function f : E — R by f(z) =
|z — y|?/2. Tt is easily seen that the level sets of f are bounded. According to
Weierstrass theorem, f admits a minimizer on C. Since f is strictly convex, the
minimizer is unique. Next, we note that for any z,z € C, f'(z;2— %) ={T—y,x —T).
If z = Po(y), then for d = y — z, by first order necessary conditions (2.1.1), we have

0={d,x—Zy=de No(T) .
Conversely, by first-order sufficient conditions (2.1.2),if d =y —Z = f € No(), then

z is a (unique) global minimizer. |

As an example, consider projecting onto the unit ball, B. A quick picture reveals
that for y ¢ B, the projection is given by y — y/|y| . The projection lemma gives
us a simple way to validate our informal proof. Indeed, denoting z = y/|y||, for all
r € B we have

G =y/lvllz —y/lyl> = <y —y/lvl, =y/llyl) + <y —y/lyl, =)
=—(lyl = 1) + (ly| — D<y/lyl, =)

<=yl =D+ vl -1 =0,

where the inequality follows from Cauchy-Schwarz inequality together with the fact
that |yl —1 = 0 and both y/|y| and x belong to B.

Finally, the basic separation demonstrates the interplay between analytic and
geometric concepts.

Theorem 2.1.4 (Basic separation) Suppose that C' < E is closed and convezr and
the point y € E does not lie in C. Then, there exist a nonzero a € E and b € R such
that

b<{a,yy , b={la,x)y (Vxel).

Proof Define f: C — R by f(x) = ||y — x]|?/2. We already know that there exists
a unique minimizer & = Pg(y) which also satisfies

VzeC) (y—z,x—T)<0 (2.2)
Choosing a =y — Z, b = {y — &, Z) yields:
ayy =b=|y|* =@y —b=y|* = 2@ 9) + |7]* = ly - 7|* > 0= (a,y) > b

(V.CCE C) <CL,ZC> = <y—.f'7£l:> < <y—i',ﬂ_3> =b )
where the last inequality follows from (2.2). |

It follows that a closed convex set coincides with the intersection of all the closed
affine halfspaces that contain it.
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Exercises

Exercise 2.1.1 Let C € E and let T € int(C). Recall that a function f: C — R is
Fréchet differentiable at T if

f(@+d) = (f(2) + (V(z), d)) = of|d])
oA — .

1. Show that if f is Fréchet differentiable at T, then for any d € E, f'(z;d) =
(Vf(zx),dy. Conclude that Fréchet differentiability implies (Gateauz) differen-

tiability.

where the function o : Ry — R satisfies lim, o

2. Show that if the function is (Gateaux) differentiable and the limit f'(z;d) is
uniform* over d, then the function is Fréchet differentiable at .

Exercise 2.1.2 We extend Taylor’s Theorem to multivariate real-valued functions.

1. Mean-value theorem: Let f : E — R be a differentiable function. Show that for
every x,y € K, there exists o € (0,1) such that

fy) = f@) =<{Vflz+aly—2)),y—z).

2. Assume now that f is twice differentiable. Prove the following important con-
sequence of the multivariate Taylor’s theorem: for any two points x,y, there
ezists a € [0, 1] such that

F(9) = @)+ V@)= 2) + 5y —2) V2 f( +aly - o)y — 1)

(Hint for both parts: consider the function ¢ : [0,1] — R defined by ¢(t) = f(z +
tly—x)).)

Exercise 2.1.3 (First-order characterization of convexity) Let C < E be a
open convex set and let f: C'— R. Prove the following facts:

1. For any z,x € C' < E, the functiont € (0,1] — w is monotonically
nondecreasing providing that f is convex.

2. Conclude that if f is convex then for any T,z € C, f'(Z;x—2) ezists in [—o0, 0)
and f'(z;x —z) < f(x) — f(z). In particular, if f is convex and differentiable,
then

V@) (x—17) = f(72-7) < f(z) - f(T) , (2.3)
Conclude the proof of Theorem 2.1.2.

4That is, for any € > 0, there exists s > 0 such that for any 0 < t < s and any d € E,
f(E+td)—f(Z)
i

de E).

— (= d)‘ < ¢ (note that for every ¢, there exists a choice of s > 0 that works for all
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. Conversely, if f is differentiable on C' and Equation (2.3) holds for every T,z €

C, then [ is conver. (Hint: for x,y € C, a € [0,1] and z = az + (1 — o)y,
consider the expression a - f'(z;x —2z) + (1 —a) f'(z;y — 2).).

. Assuming that f is differentiable, f s strictly convex if and only if Fqua-

tion (2.3) is strict whenever x # y.

. Assume that f is differentiable. Show that f is convez if and only if for all

y,x € C, we have
Vfly) =V f(x),y—2)=0

Furthermore, f is strictly convez if and only if the inequality is strict whenever
x #y. (Hint: use Ezercise (2.1.2)).

. Let I < R be an open interval and assume that f : I — R is differentiable.

Show that f is (strictly) convez if and only if f' is monotonically nondecreasing
(increasing).

TODO: Bregman distance

Exercise 2.1.4 Prove Corollary 2.1.1. (Hint: Recall from Ezercise (1.2.1) that the
null space of A coincides with the complement of the column space of A*.)

Exercise 2.1.5 (Second-order characterization of convexity) Let C = R? be
a open convex set and let f: C' — R be a twice differentiable function.

1. Show that if V2 f(x) is positive semidefinite (positive definite) for every x, then

f is (strictly) convex. Furthermore, if f is twice continuously differentiable and
convez, then V2 f(x) is positive semidefinite. (Hint: use Ezercise (2.1.2)).

2. Conclude that if C = I < R is an open interval, then f is (strictly) convex if

and only if f" = 0. furthermore, if f" >0, then f is strictly convez.

3. Is it true that iof [ is strictly convex and twice continuously differentiable, then

its Hesstan at any point is positive definite?

4. Prove Theorem 2.1.5.

Exercise 2.1.6 The above discussion of first and the second-order characterizations
of convex functions is limited to functions with open doamins. The following result is
useful:

1. Prove that a continuous function f : clC — R is convexr if and only if its

restriction to C is convez.

2. Given an example of C and f : clC — R such that f|c is strictly convex but f

s only convex.
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Exercise 2.1.7 Let f = ho g, where h,g : R — R are differentiable.
1. Show that f"(x) = h"(g(x))(g'(x))? + g"(x)l' (9()).
2. Conclude that f is convex under each of the following conditions:

(a) The function h is convex and nondecreasing and g is convez.

(b) The function h is conver and nonincreasing and g is conave.
3. Extend the above results to the case where g : R — R.

4. Derive analogous conditions for the concavity of f.

Exercise 2.1.8 Let C' € E be an open convex set. Show that the twice continuously
differentiable function f : C' — R is convex if and only if for every x,y € C, the
function ¢, : R — R, defined by ¢, ,(t) = f(x + t(y — x)), satisfies ¢, ,(0) = 0.

Furthremore, if for any such ¢,,, ;y(O) > 0 if v # y, then f is strictly convexz.

(Hint: Use Exercise (1.1.13), Exercise (2.1.5) and Exercise (2.1.6). Show that for
any ¢,y and any t € (0,1), ¢y (1) = ¢, 40y 0),(0)/(1 = t)%.)

Exercise 2.1.9*

1. Consider the function f:S%_ — R defined by f(X) = log det X.

(a) Show that Vf(X) = X~'. (Hint: Note that for any D € S™ and small
enough t > 0, f(X +tD) = logdet(X(I + tX~'D)) = log det X +
log det(I+tX 'D). Also note that X ' D is similar to the positive semidef-

inite matriz X Y?DX 2. Eaxpress the directional derivative using the
eigenvalues of X Y?DX1/2))

(b) Show that f is convex. (Hint: use Ezxercise (2.1.3).)
2. Consider the function f: ST, — R defined by f(X) = tr X%
(a) Show that Vf(X) = —X~2. (Hint: Use the relation X + tD = X(I —
(=tX7D)). Verify the identity (I — A)™* = 3.2 A" which holds for any

matriz A whose mazimal singular value is at most 1.)

(b) Prove that f is convex. (Hint: use Ezxercise (2.1.8).)

Exercise 2.1.10

1. Let C € E be a closed and convex set. For anyy e E and z € C, |x — Po(y)| <
|z =yl
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2. Show that the projection from E = R? onto R% is given y — y*, where y =
max{0,y;}. Similarly, show that the projection from S* onto ST is given by
U(diag \)U " — U diag(A")UT.

3. Let V < E be a linear subspace and denote by {v1, ..., v} an orthonormal basis
for V.. Show that the projection mapping onto V' is given by the linear map
x> Y vl

Exercise 2.1.11* (Supporting Hyperplane Theorem) Let C € E be a convez set
and let x ¢ C. Show that there exists a € E such that

sup (z, a) < (7, ay
zeC

(Hint: Consider the case T € cl(C). We can pick a sequence (y,) & C' that converges
to T (why?). Use the separation theorem to find a, € E, b, € R which separate between
Yn and C. Crucially, we may assume w.l.o.g. that for all n, ||a,| and |b,| are at most
¢ for some constant ¢ > 0.)

Exercise 2.1.12 (Strong Separation) Suppose that the sets C, D < E are closed
and convex and D 1s also bounded.

1. Show that the set D — C' is closed and convex.

2. Deduce that if C' and D are disjoint, there there exists a nonzero a € E such
that

inf (a, ) > sup{a,y)
zeD yeC

3. Show that no such separation exists for the sets C' = {(x1,x2) : ©1 > 0,29 >
1/z1} and D = {(z1,22) : 2 = 0}.
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2.2 Theorems of the Alternative

A prominent consequence of the basic separation theorem is a family of results called
“theorems of the alternative”. We discuss two such results due to Gordan and Farkas.

Theorem 2.2.1 For any sequence of points ay ..., a,, € E, exactly one of the follow-
ing systems has a solution:

Ozi)\iai, €(ZCh)\i>0, i)\zzl
=1

i=1
(Vie[m]) {aj,x)y<0 jxekE.
Proof Consider the set C' = conv {ay,...,a,}. Assume that 0 = X" Na; € C

and assume by contradiction that the second system has a solution & € E. Then, we
obtain a contradiction by

0= <i )\iCLi, f> = i )\i<ai, .’Z’> <0
=1 =1

(since all the \;’s are nonnegative and at least one of them is positive). Assume now
that the first system has no solution. It is not hard to verify that the set C' is closed
and convex. The Basic separation theorem implies that there exists x € E and b e R
such that

0,2y >b , (Vie[m]) {a;,z)<Db.

Since b must be negative, it follows that the second system has a solution. |

For the second theorem of alternative, we need the following important result.

Theorem 2.2.2 (Carathéodory’s Theorem) Let {a; : i € I} € E be a finite set.
For each J < I, we consider the finitely generated cone

Cy = {, ma;: cach pu; = 0}

jeJ
Also, we consider the convex hull C' = conv{a; : i € I}.

1. The set Cy is equal to the union of all those cones C; for which the set {a; : j €
J} is independent.

2. The set Cy is closed.

3. Every vector in C can be expressed as a convexr combination of at most dim E+1
vectors from {a; : i € I}.



31 2.2 Theorems of the Alternative

The proof is outlined in the exercises.

Lemma 2.2.1 (Farkas) For any set of points ay,...,a, and c € E, exactly one of
the following systems has a solution:

c=> Nai, (Vie[m])r=0.

{le,wy >0, (Vie[m]) {aj,w)<0, wekE .

Proof The fact that if the first system has a solution then the second does not have
a solution follows as in Gordan theorem. Denote by C' = {3, p;a; : each u; = 0}.
The set C' is convex and according to Theorem 2.2.2) it is also closed. The basic
separation theorem implies that if the first system has no solution, then there exists
w € E and b € R such that (z,w) < b for all z € C' and {¢,w) > b. We argue that
that b can be chosen to be 0. First, b > 0 since 0 € C'. Next, we observe that if there
exist £ € C' such that (z,w) > 0, then sup,.-{x,w) = co. Thus, if the first system
has no solution then the second system has a solution. |

Application: Duality of Linear Programming

Consider a linear program (LP) of the form

max CTJZ

s.t. Ar <b, 220 (2.4)

where ¢ € R? A € R4 b € R" and inequality between vectors is understood
component-wise. The dual linear program is given by

min bly
s.t. Aly=b,y=0. (2.5)

The former problem is called the primal problem and the second is called the dual
problem. The weak-duality theorem follows immediately from the definitions of the
problems.

Lemma 2.2.2 (Weak Duality for Linear Programming) For any two feasible
solutions x and y for the primal and the dual programs, we have ¢'x < b'y.

The strong duality theorem establishes conditions under which an equality is obtained.
This result has numerous applications in continuous and discrete optimization.

Theorem 2.2.3 (Strong Duality for Linear Programming) The primal and
the dual programs described above satisfy exactly one of the following properties:
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1. Both are infeasible (i.e., there are no vectors that satisfy the constraints).
2. The primal problem is unbounded and the dual is infeasible.
3. The dual problem is unbounded and the primal is infeasible.

4. Both problems have optimal solutions, denoted x* and y*, respectively. They
satisfy the equality
e =0b"y" . (2.6)

Proof It follows from the weak duality Theorem that these are indeed all the possible
scenarios. We prove the strong duality equation (2.6). Denote the rows of A by
ar,...,a,. Let I = {i€ [n]:a/x* = b;} be the constraints that are tight at z*. We
argue that ¢ = ) .., \ia; for some nonnegative vector of coefficients, A\. Otherwise,
according to Farkas’s lemma, there exists v € R? such that (v,c) > 0 and (v, a;) < 0
for all 2 € I. It is clear then that for sufficiently small € > 0, the vector z* + ev is a
feasible solution with ¢’ (2* + ev) > ¢'2*, contradicting the optimality of z*.

Define y € R™ by
YTV el

Then,
y'b= Z yib; = Z yi(a; 2¥) = c'a* .
el el
Since y is feasible, the theorem follows using the Weak duality theorem. [ |

Note that the vector y constructed during the proof satisfies the following property:
for every i € [n], either the dual variable y; is zero or the corresponding constraint is
tight. This is not a coincidence.

Corollary 2.2.1 (Complementary Slackness for Linear Programming) The
following conditions are equivalent:

1. The vectors x* and y* are optimal solutions for the primal and the dual problems,
respectively.

2. For every i € |n], either (Az*); = b; or y: = 0. Similarly, for every j € [d],
either (ATy*); = ¢; or x5 = 0.

Exercises

Exercise 2.2.1 Let aq,...,a, € E. Show that conv{ay,...,an} is compact.

Exercise 2.2.2* (Carathéodory’s Theorem)
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1. Prove Theorem 2.2.2. (Hint: verify the fact that a finite union of closed sets is
closed. Hence, given the first part of the lemma, it suffices to prove the second
part for any C; which is generated by an independent set of vectors. For the last
part of the lemma, note that if x =" | pa; € C, then (x,1) = 3" pi(ai, 1).)

2. Conclude that for every set P = RY, every point x € convP belongs to the
convex hull of a finite set P' < P of size at most d + 1.

Exercise 2.2.3

1. Deduce Gordan’s theorem from the Farkas lemma. (Hint: consider the aug-
mented vectors (a;, 1) for alli.)

2. (%) Deduce the Farkas lemma from Gordan’s theorem.
Exercise 2.2.4 Prove Lemma 2.2.2.
Exercise 2.2.5 Prove Corollary 2.2.1.

Exercise 2.2.6* (The minimaz theorem) Consider a zero-sum game as formu-
lated in Exercise (1.1.12), where the players are allowed to play mized strategies.
Following the same notations, we already know that Mm < mM . In this question we
prove an equality. This result is called von Neumann theorem.

1. Assume by contradiction that Mm < mM =:v. We consider a modified game in
which all the values are decreased by v, i.e., the game matriz, A e R m, satisfies
Ai,j = A;; —v. Denoting the rows of A by ay, ..., an, use Exercise (1.1.12) to
conclude that for every p € A, there exists q € {e1,...,en} such that pTAq < 0.

2. Deduce that the convex hull of {ay,...,a,} and the set R} are disjoint.

3. Use Ezercise (2.1.12) to obtain the contradiction mM < v.
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2.3 Max-functions and Lagrangian Duality

We now establish optimality conditions for one of the most common forms of an
optimization problem:

min f(z)
s.t. gi(z) <0 fori=1,....m
reC . (2.7)
where C'is a convex subset of E and where f and ¢4, . .., g,, are differentiable functions

defined over C'. We say that = € C is feasible if g;(x) < 0 for all i € [m]. The feasible
region is the set of feasible points. The problem is said to be feasible if the feasible
region is not empty. A point x € C' is a local minimizer if for all close feasible points
z, f(x) = f(Z).

A key idea in optimization is the association of unconstrained optimization prob-
lems with constrained minimization problems. In this section we present two such
methodologies: maz-functions and Lagrangian. We next explain each of these con-
cepts.

Let z € int(C') (in our context, Z can be viewed as a candidate local minimizer).

Define hy : C'— R by ho(z) = f(x)—f(Z),and fori = 1,...,m, let h; = g;. We define

.....

function h is certainly not smooth. Still, the directional derivative exists and has the
following useful property.

Lemma 2.3.1 Let x € int(C). Define the index set I = {i € {0,...,m} : hj(z) =
h(x)}. Then, for all d € E,

h'(x;d) = max (Vhi(z),d) .

1€{0,...,m}

Proof Let d € E. By continuity, we may assume w.l.o.g.”> that I = {0,...,m}. For
all 1 € I, we have

lim inf hz + td) — h(z) > lim hi(z +td) — hi(z)
tl0 t 10 ;

= (Vhi(z),d) .

Suppose

lim sup h(x + td) — h(z)

> max{(Vh;(x),d) .
t10 t i

Then, we can take a sequence (t,),en of positive scalars such that ¢, | 0 and

h(zx + t,d) — h(x)
tn

(Vn e N) > mZaX<Vh,-(x), dy+e.

5 All other functions do not affect h'(x;d).
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for some € > 0. For each n € N, there exists an index i = i(n) € I such that
h(x 4+ td) = h;(x + td). At least one index j € I appears in the sequence (i(n))
infinitely many times. In the limit we obtain the contradiction

(Vhji(z),d)y > max (Vhi(z),d)+¢€ .

|
The Lagrangian associated with the optimization problem (2.7) is the function L :
C x RT — R defined by
L(z; ) = f(z) + Z Aigi(z) - (2.8)
i=1

Let = be a feasible point. We define the active set I(z) = {i € [m] : gi(x) = 0}. We
say that A € R is a Lagrange multiplier vector for Z if Z is a critical point of L(; \),
ie.,

and complementary slackness holds: \; = 0 for any i ¢ I(z).

The Lagrangian provides a very simple sufficient condition for optimality. Note
that if A is a Lagrange multiplier for z, then »,", X;g:(Z) = 0. Therefore, L(Z, \) =
f(z). For any other feasible point = € C, it is easy to check that L(xz, \) < f(x). The
following conclusion is immediate.

Theorem 2.3.1 Consider the optimization problem (2.7). Assume that & € C is a
feasible solution and there exvists A € R™" such that T minimizes the function L(-;\)
and \; = 0 for alli ¢ I(z). Then T is a global minimizer. In particular, if x € int(C'),
f,91,- .., 9m are convex and there exists a Lagrange multiplier vector for x, then T s
a global minimizer.

Proof The first part was proved above. When f, g1, ..., g, are convex, T minimizes
the function L(-, \) if and only if Z is a critical point of L(-;\). The “in particular”
part is now clear. [ |

We turn to discuss necessary conditions. In particular, we aim at establishing neces-
sary conditions that ensure the existence of a Lagrange multiplier vector. We begin
with the following theorem.

Theorem 2.3.2 (Fritz John Conditions) Assume that T € int(C') is a local min-
imizer of the problem (2.7). Then, there exist Ao, \; € R. (i € I(Z)), not all zero,
such that

i€l(x)
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Proof Consider the function h(z) defined above. It can be seen that fori =0, ..., m,
hi(z) = 0. Therefore, h(z) = 0. Furthermore, if z is close enough to z, then

h(xz) = ho(z) = 0. Hence, Z is a local minimizer of h. According to Lemma 2.3.1 and
Theorem 2.1.1, for all d € E,

0 < A (x;d) = max{{V f(x),d),{Vgi(x),d)y:iel(x)}.
Therefore, for all d € E, both (Vf(Z),d) > 0 and
(VieI(z)) (Vgi(z),d)=0.

Putting it differently, there is no d € E such that (Vg,;(z),dy < 0 for all i € I(z). The
feasibility of Equation (2.9) follows now from Gordan’s theorem. |

Note that the theorem does not yield a Lagrange multiplier. We need to impose addi-
tional assumptions in order to rule out the possibility that Ay = 0. For example, one
such condition is linear independence of the set {Vg;(z) : i € I(Z)}. We now discuss
a weaker condition. We say that the Mangasarian-Fromouvitz constraint qualification
holds at 7 if there is a direction d € E such that (Vg;(Z),d) < 0 for all i € I(Z).

Theorem 2.3.3 (Karush-Kuhn-Tucker (KKT) conditions) Suppose that the
conditions in Theorem 2.5.2 hold and that Mangasarian-Fromovitz constraint qualifi-
cation holds at . Then, there exists a Lagrange multiplier vector for .

Proof Theorem 2.3.2 implies the feasibility of Equation (2.9). By the opposite direc-
tion of Gordan’s theorem, the constraint qualification implies that Ag # 0. Dividing
Equation (2.9) by Ao, we conclude the existence of a Lagrange multiplier vector. M

Exercises

Exercise 2.3.1 Compute the directional derivatives of the absolute value function |- |
at the point 0.

Exercise 2.3.2 (The entire regularization path) Let fi,....f, : R? — R be
differentiable functions. We consider two minimization problems:

1 n
Regularized minimization: min — J(w) + Awl 2.10
egularized minimization: min — ; filw) + A w]| (2.10)
: o 1
Constrained minimization: min — Z fi(w) (2.11)

: <B ‘
wluw|<B n &

where B and A\ are two positive scalars. Show that if w* is a global minimizer of
the reqularized problem, then there exists B > 0 such that w* is a minimizer of the
constrained problem. Conversely, if fi,..., f. are conver and w* # 0 is a global
minimizer of the constrained problem (2.11), then there exists A\ > 0 such that w* is
also a global minimizer of the corresponding regularized problem (2.10).
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Exercise 2.3.3 Show that the Mangasarian-Fromovitz constraint qualification is in-
deed weaker than linear independence. That is, if ai,...,a, € E are linearly inde-
pendent, then there exits d € E such that {d,a;) < 0 for all i € [m].
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Chapter 3

Nonsmooth Optimization and
Lagrangian Duality

3.1 Subgradients and Convex Functions

We are already familiar with the following useful characterization of differentiable
convex functions: for any point x in the domain, the first-order approximation around
x lies below the function. This is another example for how a local information yields a
global information on f. In the absence of differentiability, this property is captured
by subgradients.

Definition 3.1.1 Let C < E, f: C > R and x € C. A vector a € E is a subgradient
of f at x if for all x € C,

(o, 2 =) < f(z) — f(2)
The subdifferential of f at T, denoted Of(Z), is the set of all subgradients of f at .

The subgradient provides a trivial yet important optimality condition: a point Z is a
global minimizer of a function f is and only if 0 € 0f(Z).

Our geometric intuition tells us that the subdifferentials of a convex function are
never empty. Furthermore, if f is differentiable, the subdifferential consists exactly
of one element, the gradient. The simplest illustrating example is the absolute value
function. At any point x # 0, the function is differentiable and the only subgradient
is sgn(z). For x = 0, any slope « € [—1, 1] satisfies the definition. It turns out that
subgradients characterize convex function in a very strong way.

Theorem 3.1.1 Let C € E be a conver set and let f : C - R. If 0f(x) # & for all
x € C, then f is convex. Conversely, if [ is convez, then the subdifferential of any
point & € int C' is not empty. Moreover, we have the following relationship between
subgradients and directional derivatives: For any d € E,

f(z;d) = max{{a,d)y: a € 0f(T)} .
In particular, if f is differentiable, 0f (T) consists exactly of V f(Z).

39
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The proof of the first part of the theorem (sufficient condition for convexity) is anal-
ogous to the third part of Exercise (2.1.3). Throughout the rest of this section, we
prove the second part by relating the subgradient to the directional derivative. Before
proceeding, by taking a quick picture, we see that existence of subgradients can be
proved by means of separation theorems. Namely, the point (z, f(x)) can be sepa-
rated from the epigraph of f, {(z,vy) : f(x) < y}. Indeed, this approach is outlined
in the exercises.

Throughout the rest of this section, let us fix a convex set C' < E, a convex
function f: C' - R and 7 € int C'. We begin with the following simple result.

Lemma 3.1.1 An element a € E is a subgradient of f at T if and only if {¢,-) <
f1(@;).
Proof If a is a subgradient, then for any d € F and ¢t > 0,

f({L' + ti) B f(ZB) > <avttd> _ <a,d> )

In particular, the inequality is satisfied when ¢ | 0. Therefore, {a,-) < f'(z;-). As-
sume now that {(a,d) < f'(z;d) for all d € E. Then, since f is convex, we know that
f'(z;d) < f(z +d) — f(z) for all d, so we obtain that a is a subgradient. |

The following lemma provides some (additional) properties of the directional
derivative. We use the following definitions: a function g : E — R is said to be
sublinear if for all d,e € E and A\, u € Ry, g(Ad + pe) < Ag(d) + pg(e). A function
g : E — R is said to be subaditive if for all d,e € E, g(d + e) < g(d) + g(e). The
function g is positively homogeneous if for all d € E and A € R, , g(Ad) = A\g(d). An
exercise shows that ¢ is sublinear if and only if g is subaditive and positively homo-
geneous. Also, if g is sublinear, then g(—z) = —g(x) for all = (Exercise (3.1.6%)).

Lemma 3.1.2
The directional derivative satisfies the following properties:

1. For any direction d € E, the directional derivative f'(z;d) exists in R.

2. Sublinearity in the second argument: the function f'(z;-) is sublinear.

Now let d € E and denote u = f'(Z;d). We know that p € R. Define the linear
subspace S = {ad : « € R} and the linear function A : S — R by A(ad) = ap. Since
J'(z;ad) = ap when o = 0 and for a < 0,

f(Z;ad) = —f'(z;]ald) = au

we have that A(-) < f'(z;-)|s and Aad) = f'(z;ad) for @« = 0. In particular,
A(d) = f'(z;d). It would be great if we could extend A to the entire space while
preserving the relation A(-) < f/(Z;-). This gives us an excuse to prove the following
fundamental theorem.
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Theorem 3.1.2 (Hahn-Banach extension) Suppose p : E — R is a sublinear
function and A : S — R is linear, where S is a subspace of E. If A < P|g, then there
exists an extension of A, A : E — R, which satisfies A|s = A and A < p.

Proof Let x; € E\S. We show how to extend A to S; = span(S u {1, }). Since the
dimension is finite," by repeating this argument we conclude the proof.

Note that every vector v € S; can be uniquely written as x +tx;, where x € S and
t e R. We define A : S} — R by A(x +tx;) = f(z) + pt, where p will be chosen later.
It is clear that A is linear and that A|lg = A. In order to satisfy the relation A < p,
it suffices to ensure that for every z,y € .9,

AMy+z) <ply+z1), Mz —x1) < plr — 1) . (3.1)
The Sublinearity of p and our assumptions on A imply that
p(y + 1) + plz —21) 2 ply + 2) 2 My + 2) = Ay) + Adz) .

Hence,
p(y + 1) — Aly) = Alz) — p(z —21) .

We now choose p = sup,cq A(x) — p(x — x1). It is straightforward to check that u
satisfies Equation (3.1). |

We leave it as an easy exercise to complete the proof of Theorem 3.1.1.

Exercises

Exercise 3.1.1 Let C < E, f : C — R. Show that a point T € C 1is a global
minimizer of a function f is and only if 0 € 0f(x).

Exercise 3.1.2 Use the supporting hyperplane theorem to deduce that the subdiffer-
ential of a convex function f: C — R at any point x € int(C) is not empty.

Exercise 3.1.3 Prove Lemma 5.1.2 (Hint: you may rely on Ezercise (3.1.6%).)
Exercise 3.1.4 Complete the proof of Theorem 3.1.1.

Exercise 3.1.5 Use Lemma 5.1.1 in order to provide an alternative proof for the fact
that if f is differentiable at x € int C, then df(x) = {V f(Z)}.

Exercise 3.1.6* Let g : E — R. Prove the following facts:

IThe theorem is also true in infinite-dimensional spaces. However, a standard proof of this result
in the infinite-dimensional case usually involves the axiom of choice (although this axiom can be
replaced by the weaker ultrafilter theorem).
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1. The function g is sublinear if and only if g is subaditive and positively homoge-
Neous.

2. Show that if g is sublinear then for all z, g(—x) = —g(x).

Exercise 3.1.7 Justify the argument that we made during the proof of Theorem 5.1.2:
in order to satisfy the relation A < p, it suffices to ensure that for every x,y € S,

Ay+z) <ply+x1), AMaz—21) <plx — 1) .

Exercise 3.1.8

1. Let |-| be an arbitrary norm defined over E. Compute df (x) at any point x € E.

2. (*) Let f: E— R be a sublinear function. Show that

0f(0) ={ae E: (Ve E) {p,z)< f(x)},

and for all nonzero T € F,

0f(7) = {a e df(0): (a,7) = f(7)} .
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3.2 The Value Function

In this section we describe an alternative approach to the KKT conditions (Theo-
rem 2.3.3) while considering convex but not necessarily differentiable objective and
inequality constraints. We begin by extending the type of functions the definition of
a convex function. We consider extended real-valued functions f : E — [—o0, +o0].
The domain of f is the set dom f = {x € E : f(x) < +o}. In order to avoid the
appearance of the expression +o — o0, we need to generalize the definition of a con-
vex function. We say that f is convex if its epigraph {(x,s) € E x R : f(x) < s} is
convex. It can be verified that f is convex if and only if for all z,y € dom f and every
a € [0,1], flax + (1 —a)y) < af(x) + (1 — «)f(y). Furthermore, the domain of a
convex function is convex.

Allowing the value +o0 helps us in formulating optimization programs. For exam-
ple, instead of explicitly restricting the feasible region to a set C' € E, we may add
the indicator function dc, where dc(x) = 0 if x € C' and +o0 otherwise, to the objec-
tive. We usually prefer to exclude the possibility that f takes the value —oo (e.g., the
definition of value function below requires us to allow this value. However, we then
provide conditions under which it does not takes this value). We say that f is proper
if dom f # J and f never takes the value —oo. The definition of directional derivative
and subdifferential are easily extended to proper functions (see Exercise (3.2.3)).

We establish optimality conditions for convex optimization problems of the fol-
lowing form:

min f(z)
s.t. gi(x) <0 fori=1,...,m
(3.2)
where f,g1,...,9m : E — [—00,00] are convex but not necessarily differentiable.

Denoting by ¢g(z) = (¢1(x), ..., gm(x)), the Lagrangian L : E x R} — R is defined
by L(z,\) = f(z) + ATg(x). In our context, a vector A € R" is a Lagrange multiplier
vector for a feasible solution z if Z minimizes L(-,\) and complementary slackness
holds: A\; = 0 whenever ¢;(z) = 0. Certainly, the sufficient conditions stated in
Theorem 2.3.1 apply also here.

Theorem 3.2.1 If the point T is feasible and X is a Lagrange multiplier vector for
x, then X s optimal.

Note that the proof does not rely on convexity.
The main object in our approach is the value function v : R™ — R, defined by

v(b) = inf{f(z) : g(x) <b} .

Clearly, v is monotonic in the following sense: v(b) < v(a) if b — a € R7?. Note that
if z € dom f is optimal for the program (3.2), then v(0) = f(Z). Also, by definition,
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for all z € E, f(z) = v(g(z)). In the absence of differentiability, we will resort to the
subdifferential of the value function. For this purpose, we need to ensure that v is
proper. The following constraint qualification suffices:

Slater condition: 3% € dom f € E s.t. (Vie [m]) ¢:(2) <0

Lemma 3.2.1 Suppose that T € dom f is optimal for the convex program (5.2) and
that the Slater condition holds. Then v is proper.

Proof By assumption, v(0) = f(Z) € (—0,0). The slater condition implies that
0 € int(domwv). Assume by contradiction that there exits p € R™ with v(p) = —oo.
By considering a line of the form [—su, su] € dom v and using the convexity of v, we
obtain a contradiction. Filling the missing details is left as an exercise. |

Theorem 3.2.2 (Lagrangian necessary conditions) Suppose that T € dom f is
optimal for the convex program (3.2) and that the Slater condition holds. Then there
exists a Lagrange multiplier vector for &

Proof According to Lemma 3.2.1, the value function v is proper and 0 € int(domv).
According to Theorem 3.1.1, the subdifferential dv(0) is not empty. Let a be any
subgradient of v at 0. By definition of the subgradient and the above elementary
properties of the value function, for every b e R,

f(@) =v(0) <v(b) —{a,b)y <v(0) —<a,by = f(z) —<a,b) . (3.3)

It follows that A := —a € R™". In particular, substituting b = ¢(Z), we obtain that
f(z) < L(z, A). Since the coordinates of both g(z) and A are nonnegative, we conclude
that \; = 0 whenever ¢;(Z) < 0. We complete the proof by showing that for every
x € E, L(z,\) = f(Z). Indeed, for every z € E,

f(@) = v(g(@)) = v(0) +{a, g(x)) = f(Z) — A g() .
By rearraning we obtain L(z, \) = f(Z). Hence,
L(z,\) < f(z) < Lz, \) .

We deduce that A is a Lagrange multiplier vector for Z. |

Note that if f, g1, ..., g, are differentiable, the KKT conditions are recaptured. In-
deed, it is not hard to see that in this case, the Slater condition is equivalent to the
Mangasarian-Fromovitz constraint qualification.
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Exercises

Exercise 3.2.1 Let f : E — [—o0, o0].

1. Prove that f is convez if and only if for all z,y in dom f (or E if f is proper)
and every « € [0, 1],

flaz+ (1 —a)y) < af(x) + (1 -a)f(y) -
2. Show that if f is convez, then its domain is convex.
Exercise 3.2.2 Complete the proof of Lemma 3.2.1.

Exercise 3.2.3 For a proper function f : B — [—o0, 0], we define the subdifferential
of f at every point x € dom f as in Definition 5.1.1. For x ¢ dom f, we define
Of(x) = &. Convince yourself that all the results from Section 3.1 (in particular,
Theorem 3.1.1) extend to this selting, where the conditions x € C,xz € intC are
respectively replaced by x € dom f, x € int(dom f).

Exercise 3.2.4 FEstablish the equivalence between the Slater condition and the Mangasarian-
Fromouitz constraint qualification asserted at’ the end of the section.

Exercise 3.2.5 TODO: John’s Ellipsoid
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3.3 Lagrangian Duality

Consider the convex program (3.2). We now state without a proof? a fundamental
duality result for convex programs. We consider two progarms:

Primal: p = inf sup L(z;\) |,
Z€E \eR7

Dual: d = sup inf L(z; \)

ek
AeRT T

It is straighforward to verify that d < p and that p is equal to the optimal value of
the convex program (3.2). The term p — d is named the duality gap. The following
theorem establishes conditions under which the duality gap is zero.

Theorem 3.3.1 Suppose that the Slater condition holds for the primal problem.
Then the duality gap is zero.

Exercises

Exercise 3.3.1 Prove that d < p.

Exercise 3.3.2 Show that p is equal to the optimal value of the convexr program (3.2)

2Due to the lack of time, we will not see the proof of this important result. Sections 3.3, 4.1, 4.2,
4.3 1in | ] provide all the details.
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Chapter 4

Condition Number

4.1 Solving Linear Systems using Gradient Descent

We start with one of the most fundamental problems in numerical computation:
solving a system of linear equations. Precisely, given a matrix A € R%*? and a vector
be R?, our goal is to find a vector x such that Az = b. From a basic course in linear
algebra, we know that when A is invertible, a unique solution is given by z* = A~ 'b.
We also know that x* can be computed by applying Gaussian elimination, whose
(computational) complexity is dominated by the runtime of matrix multiplication
(currently O(d?37)). While we are not aware of any exact solver with better worst-
case complexity, it turns out that if we are satisfied with approximate solutions,
then in many applications we can do much better by applying iterative optimization
methods. Concretely, when A € S? | solving the system Ax = b is equivalent to

++
minimizing of the following convex quadratic form:

. L 5 T
gellgi{f(x) =3¢ Az —b :13} : (4.1)
Based on this equivalence, we show that a Gradient Descent-based solver, which
we simply call GD, essentially reduces the problem of approximating A 'b to the
computation of a relatively small number of matrix-vector products with the matrix
A. The complexity of this method depends on the condition number of A, which is
defined by
li( ) _ /\1(A)
Aa(A)

where A\ (A) = ... \g(A) > 0 are the eigenvalues of A.

Most of this section is devoted to the analysis of the convergence rate of GD.
As will be apparent soon, in our context, it is natural to evaluate the quality of an
approximate solution z according its distance from z* as measured by A; denoting
|zl = V2" Az, we call T an e-approximate solution if |Z — z*||% < e. Note that since
A is pd, the function | - | is indeed a norm.

(4.2)
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Theorem 4.1.1 Let A > 0 be a d x d matriz and let b € R? be a vector. Given an ac-
curacy parameter € > 0, GD finds an e-approzimate solution after O(k(A) log(|z|*/€))
iterations with overall complexity O((ta + d)r(A)log(||z*] a/€)), where t4 is the run-
time of multiplying A with a vector.

An extremely important observation is that (unlike Gaussian elimination), the GD-
based solver exploits sparsity of the matrix A. Namely, we note if A has only
m = o(d?) nonzero entries, then ¢4 scales linearly with m. Therefore, assuming that
log(1/€) is negligible, GD is superior to Gaussian elimination if k(¢4 +d) = o(d*™7).
In words, GD is superior when A is well-conditioned (and possibly sparse).

Gradient Descent-based solver for linear systems

Starting from zy = 0, the algorithm GD maintains an approximation, x;, of the
minima of f (4.1), z* = A7, according to the following update rule:

Ti41 = Ty — ntVf(:L"t) =Ty — Ut(AfEt - b) =Ty — Ut(A(xt - x*)) )

where 7, € R, the step size at time ¢, is a parameter that we tune later. Of course, it
would be better to move in the direction I(z; — z*) (rather than the direction of the
gradient, A(z; — z*)), but computing this direction is hard as solving the problem.
This point of view suggests that the “closer” is A to the identity matrix, the faster is
the convergence of GD to z*. Indeed, this intuition is affirmed, where the notion of
distance from the identity matrix is captured by the condition number.

Theorem 4.1.1 may be proved in various ways. Our technique will lead to a unified
treatment of GD’s convergence rate in a more general setting. We start by observing
that for any two vectors, =,y € RY,

F(w) = F(@) +(VF@)y— )+ 5y~ ) Ay — 1) (4.3

To see this, simply note that right-hand side is the second degree Taylor approxima-
tion of f near x. Since f is quadratic, the approximation is accurate, i.e., an equality
holds. In particular, since V f(z*) = 0, we have f(z) — f(z*) = 1 (y — ) "A(y — z) =
Ly — .

We would like to understand what is the impact of relying only on first-order
information. Denote A\; = \;(A) for all . Since A > 0, we know from the Courant
minmax principle that Mgy — 2|* < |y — |4 < Milly — z|*. Therefore, we have the
following upper and lower bounds on the first order approximation of f near x:

Do) = ) = (1) + V0= ) & | Fly =l Py —al?| . (2)

The function D(y, x) is called the Bregman distance with f for the points y, z (note
that D is not symmetric, does it does not form a metric). Based on this inequality,
we can analyze the progress of GD.
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Lemma 4.1.1 Letx e RY, z, zx——Vf( ). Then, f(zi)— f(z) < 2)\1||Vf( z)|?.

Proof By substituting y = x — 9V f(x) in (4.4), we obtain

F0) — (@) < ~1V 1) V(@) + 20|V p )2

Optimizing over 7 yields n* = 1/A;. Substituting this value in the bound implies the
lemma. |

Next, we relate the magnitude of the gradient to the suboptimality.
Lemma 4.1.2 For any v € RY, f(x) — f(a*) < ﬁHVf(:U)HQ

Proof Using (4.4), we have
F) > 1) + VI — o)+ St — 2l > min fa) + V)= + el
= 1) = 5 IV

——
z*=—)\;1Vf(z)

By rearranging, we conclude the bound. |

The proof of Theorem 4.1.1 is now almost straightforward. Denoting A; = f(x;) —
f(z*), we have

2\
A1 <A — _va(ﬂft)||2 Ay — 2—; Ay < A exp( )\d//\l) .

Therefore, Ar < exp(—TAg/A1)Ag. By rearranging and recalling that |z, — 2*||% =
2Ar, we conclude the claimed convergence rate. The runtime per iteration is t4 + d.
We thus conclude Theorem 4.1.1.

One disadvantage of the suggested implementation is that the step size depends on
A1(A), which is usually unknown. In Exercise (4.1.3) we suggest a different strategy
that leads to an identical bound.

Degenerate linear systems

As we shall see soon, in applications it is often the case that A € S‘i (i.e., Aisadxd
positive semidefinite matrix. In this case, A might be singular) and b belongs to the
column space of A (hence the system Az = b is still solvable). Does Theorem 4.1.1
hold in this case? Certainly, in our situation the statement in Theorem 4.1.1 is
erroneous. First, since Ay(A) might be zero, the condition number A;(A)/A4(A) is
not defined. Furthermore, since there might be no unique solution, x* is not well
defined. Intuitively, it seems that the we can remedy the situation by restricting
ourselves to the column space of A. Indeed, it can be seen that for any solution Z to
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Ax = b, the projection of T onto the column space of A is also a solution. Moreover,
all of these projections coincide with the vector A'b, which we denote by z* (see
Exercise (4.1.2)). Furthermore, it is easily seen that the iterates z; maintained by
GD lie in the column space of A. Finally, we redefine the condition number of A as

K(A) = M (A)/ Arank(A) . (4.5)
We are now able to show the following generalization of Theorem 4.1.1.

Theorem 4.1.2 Let A > 0 be a d x d matriz and let b € R? be a vector in the
column space A. Denote x* = A'b. Given an accuracy parameter € > 0, GD finds an
e-approzimate solution' after O(k(A)log(|z|%/€)) iterations with overall complexity
O((ta + d)s(A)log(|z*|a/€)), where k(A) is defined in Equation (4.5) and ta is the

runtime of multiplying A with a vector.

The proof is outlined in Exercise (4.1.4%).

Application: Least Squares

The method of Least Squares is arguably the simplest and the most popualar approach
for regression analysis in statistics and sachine searning. The associated optimization
problem is defined as following. We are given as an input a sequence of vectors
T1,..., %, € R? together with a corresponding sequence of labels v, ..., 3, € R. The
objective is given by

min {L(w) = 2i Z(UJT%' —y)Piwe Rd} : (4.6)

Note that an equivalent problem is given by

1
min —w' Aw —w'b .
weRd

where A = 23" zx) and b= 237" | y;z;. As we know, this problem is equivalent
to the system Aw = b. Clearly, A > 0, and since the column space of A is equal to
span{zy, ..., x,}, b belongs to the column space of A. We conclude that Theorem 4.1.2
holds. In particular, since L(w) — L(w*) = %|w — w*|?, we conclude that GD finds @

2
with L(w) < mingega L(w) + € in time O((ta + d)x(A) log(|w*]/€)), where w* = A'b.

!The definition of e-approximate minima refers to the function | - | 4. Note that when A is only
assumed to be positive semidefinite, | - |4 is a semi-norm rather than a norm. However, when
restricted to the column space of A, | - ||4 forms a norm. See Exercise (4.1.1).
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Exercises

Exercise 4.1.1 (Mahalanobis norm) Let A > 0 be a d x d matriz.

1. Show that the bilinear form, (-, -4 : R® x RY — R, defined by {x,y)1 := xT Ay

forms an inner product. Conclude that the function z — 27 Az is a norm.*

2. Recall that the quadratic function defined in (4.1) satisfies f(z) — f(a*) = |z —
x*||a. Conclude that x* is (indeed) unique.

3. Show that when A > 0, | - |4 forms a semi-norm, i.e., it satisfies the triangle
inequality and |ax| 4 = a|z| for every scalar o € R and x € R? (however, there
might be x # 0 with |z|a = 0). Furthermore, show that when restricted to the
column space of A, || - | a forms a norm.

Exercise 4.1.2 (The Moore-Penrose pseudoinverse) Let B € R¥™" be any ma-
triz of rank r and denote its SVD by B = Y, o;uv; . The pseudoinverse of B is
defined by Bt = Y"7_ o7 vu] .
1. Show that BB forms a projection matriz onto the column space of B (i.e.,
(BB")? = BB' and the range of BB' coincides with the range of B). Similarly,
show that B'B is a projection matriz onto the row space of B (i.e., (BI1B)? =

BB and the range of B'B coincides with the range of BT ). .

2. Let A be an n x d matrix and let b € R™ be a vector in the column space of
A. Show that ATb solves the system Ax = b. Moreover, if T is any solution to
Ax = b, then its projection to the column space of A coincides with A'b.

3. Let A > 0 be a d x d matriz of rank v and assume that let A = Y Nuu, is
the eigendecomposition of A. Show that At = Sy A tuguy

Exercise 4.1.3 Consider a variant of GD whose step size is defined by n, = %.
A
Show that Theorem J.1.1 holds with respect to this variant. (Hint: What is the relation

between 1, and 1/)\; ?)

Exercise 4.1.4* Prove Theorem J.1.2. (Hint: Denote by U € R¥*" the matriz whose
i-th column is the i-th leading eigenvector of A. Consider the quadratic problem

min { Fla) = %folaz - m} , (4.7)

zreR”

where A = UTAU and b=UTb.)

2You may prove this fact directly. Instead, you can show that for every inner product {,-), the

function z — 1/{z, 2).
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Exercise 4.1.5 Let z4,...,z, € R%. Show that the column space of A = > wx]
is equal to span{zy, ..., x,}.

Exercise 4.1.6 Consider the objective associated with Ridge regression:
min { L(w) = iZ(wT:L‘- —y)* + éHw||2 s weR?
2n 4 U2 ‘ ’

where 1, ..., 2, € RE y1, ..., yn € R and X > 0 is a reqularization parameter.

1. Show that Ridge regression can be written as a standard least squares problem

(4.6).

2. Derive an upper bound on the convergence rate and the runtome of GD when
applied to the Ridge regression objetive.
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4.2 Acceleration using Conjugate Gradient

In view of Theorem 4.1.1 and Theorem 4.1.2, a natural question which arises is
whether we can have a better complexity? In particular, while the dependence on
1/e seems satisfactory, does the linear dependence on the condition number can be
improved? In this section we present the Conjugate Gradient (CG) method that
leads to a quadratic saving in terms of the dependence on the condition number
while having the same computational complexity per iteration. We also discuss the
optimality of this method. Our exposition highlights the connection to the area of
approximation theory. Namely, we associate every first order algorithm with a matrix
polynomial. By these means, the study of the convergence rate is essentially reduced
to the study of extremal properties of such polynomials.

A simple induction that when applying GD to a convex quadratic form, its ¢-th
iterate, z;, belongs to the set K := span{b, Ab, ..., A"1b}, named the Krylov subspace
of order t. However, the vector z; may not attain the minimal value of the quadratic
form f over K. On the contrary, the Conjugate Gradient algorithm does ensure this
property. In the next two parts we address the two following question. (1) How
does CG find z; efficiently? (2) How does this property imply the claimed quadratic
saving?

Computing conjugate directions efficiently

Let {vg,...,v_1} be any basis for the Krylov subspace of order t. We would like to
find the minimizer of the quadratic form f over K. Since 2* = A~1b, we consider the
following minimization problem:

t t—1 t—1t—1
. —1p 12 — *2 o vl .
ao,r?,lo%,l IA™b Z vy = [x*|% QZ o;v; b+ Z Z ;i (Vi, V) A
=1 =0 =0 j=0

lz*]4 —2aV b+ a' Za . (4.8)
where (v;,v;) = v Av;, V € R¥? is the matrix whose columns are vy, ..., v;—; and
Z =V TAV. The optimal solution is

=7V, (4.9)

Therefore, computing a* requires the inversion of A, which is clearly undesired. This
should not surprise as since we can not expect obtaining a simpler problem by using
an arbitrary change of basis. However, if the vg,...,v;,_1 are A-orthogonal (a.k.a.
A-conjugate), i.e. (v, v;74 = 0 for all ¢ # j, then the problem (4.9) becomes much
easier. Namely, a simple exercise shows that the optimal solution is given by

b
(Vi) af = —— (4.10)
lvill%
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Computing each of the coefficients «; can be carried out in time t4 4+ d. Thus, if we
compute «;_; at the i-th iteration, we would have the same complexity as GD, but
now we also ensure that z; is the optimal vector in K. In particular, an exact solution
is found after at most d iterations.

Naturally, the next question is how can we compute an A-orthogonal set efficiently.
A naive method is to start with some arbitrary independent set of vectors (e.g.,
the standard basis) and apply the Gram-Schmidt process with respect to {-,-)4. In
order to generate t orthonormal vectors, we need to compute t? inner products w.r.t.
A, so this preprocessing scheme would run in time O(t?(t4 + d)). For large ¢, the
resulted scheme is not efficient. We next describe a rather clever iterative method
that computes A-orthogonal vectors on-the-fly (rather than as a preprocessing step).

Starting from vy = b, we proceed inductively, where at time ¢, we compute v; =
Awv;_1 and then A-orthogonalize v; with respect to vg, ..., v;_1

v =B — Z (00, (4.11)

<U37 vs>A

It follows that span{vy,...,v;} = span{b, ..., A'b} and {vo, ..., v;} is A-orthonormal®.
Crucially, it also follows that for every s, Avs € span{vy, ..., vs,1}. Hence, since A is
symmetric, we have

(By, 0594 = v | AAvy = (Avs,v;_1)4 =0 forall s <t —2.

Hence, all but the two last terms in the RHS of (4.11) are canceled. As a result, the
A-orthogonalization of v; takes only O(t4 + d). We leave it as an exercise to write a

pseudo-code of CG.

Analysis via Chebyshev polynomials

We next show how the optimality over Krylov subspaces implies the quadratic sav-
ing in the dependence on the condition number. The analysis relies on a beautiful
connection to approximation theory.

Every vector in the Krylov subspace K = {b, ..., A"™'b} can be (uniquely) written
as p(A)b, where p(x) is a polynomial of degree t. Clearly, this correspondence is also
surjective, i.e., every polynomial of degree t — 1 induces a unique vector in . Denote
the set of polynomials of degree ¢ — 1 by >;_;. By the optimality of z; over IC, we
conclude that

o™ — 4 = min |z" —p(A W% =1 = p(A) A" < " 311 = p(A)A]5 . (4.12)
where |1 — p(A)A|, denotes the spectral norm of I —p(A)A (the inequality in (4.12)
is left as an exercise). Given an accuracy parameter ¢ > 0, we define € = € /||z*|3

3More precisely, the set {vg,...,v;} is independent unless the vectors b,..., A'b are linearly
dependent but in this case we could stop earlier (see Exercise (4.2.1)).
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and aim at finding a small as possible ¢t € N for which there exists a degree-(t — 1)
polynomial p which satisfies | —p(A)A|? < e. Equivalently,* we can look for a degree-
t polynomial ¢ which evaluates 0 to 1 for which [g(A)||*> < e. Since A is symmetric
and, thus, diagonalizable, for every polynomial ¢,

lg(A)|* < max{q(x)*:z € { ..., \a}} .

where \; = \;(A). Before proceeding, note that the polynomial g(z) = [ ]2, (1—z/\:)
evaluates 0 to 1 and satisfies |g(A)| = 0. This gives another proof for the fact that
CG converges after at most d iterations.

As a first attempt, consider the polynomial

dolz) = (1 - A12f/\d)t | (4.13)

It can be seen that the maximum value attained by ¢y over the interval [Ag, A1] is

r(A)-1)" —2t/(k(A)+1) :
< exp . For € > 0, by letting

k(A)+1
to = [rlog(1/e)] ,

we obtain that ||g(A)|% < e. We thus recover the upper bound of GD. The reason for
the improved rate of CG follows from the following powerful result.

Theorem 4.2.1 Foranyt € N, there exists a polynomial pq of degree d = [4/2t1og(2/€)]
which satisfies
sup |2' — pra(z)] <€ .

xze[—1,1]
The proof of the theorem relies on Chebyshev polynomials, which are ubiquitous
in numerical optimization. We sketch the proof in the next part. We now exploit
this result in order to deduce a better bound for CG. Note that as x ranges over
[0, A1 + Aa], 2(z) == 1 —2x/(A\; + A\g) ranges over the interval [—1,1]. Based on
Theorem 4.2.1, we conclude the existence of a polynomial p;, 4 of degree at most
d = [+/2tglog(2/€)] = O(y/klog(1/€)) which approximates go(z) = 2" up to an error
e over the interval [—1, 1]. Therefore, the polynomial ¢;(z) = p, 4(z(x)) approximates
go(x) up to an error € over [0, \; + A4]. Since ¢o(0) = 1, it follows that the polynomial
q(z) = ¢1(2)/q:(0) evaluates 0 to 1 and satisfies sup,e[_117[¢(2) — q(2)| < €/(1 —€)
which is smaller than 2e providing that e < 1/2. Finally, since sup,¢_q 11 [q0(2)] < €
for all z € [~1,1], it follows that sup,ei_;17(q(2)| < 3e. This leads to the promised
speedup.

Theorem 4.2.2 For any A€ S, and e > 0, CG finds an e-approzimate solution to
the system Az = b after O(min{d, n/k(A) In(1/€)}) iterations and its overall complez-
ity is O((d + t4) - min{d, n/k(A) In(1/€)}).

4Note that I —p(A)A is a polynomial of degree ¢. Also, every polynomial of degree ¢ that evaluates
0 to 1 can be written in such a way.
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Optimality of the Bounds

The convergence rate of CG is optimal in the following sense. First, we define a
first-order algorithm (for minimization of a quadratic positive definite objective) to
be any method that iteratively maintains a solution z; € R? while having an access
to a first-order oracle that given a point x € R? returns the pair (f(z), Vf(x)).
We also assume for simplicity that the z; lies in the span of the observed gradients
(and zp = 0).° This is the only information given to the method regarding the
function f. In particular, the identity of A and b is not known in advance. The
lower bound is as follows: for any 0 < Ay < )y, there exists a matrix A € S, whose
eigenvalues lie in the range [Ag, \1], and for which any first-order algorithm needs at
least Q(min{d, o/ A1/ qlog(1/€)}) iterations in order to converge to an e-approximate
minimizer. We outline the proof in the exercises.

Appendix
Chebyshev polynomials: proof sketch of Theorem 4.2.1

For a nonnegative integer d, we define the Chebyshev polynomial of degree d in a
recursive manner:

To(z) =1, Ti(x) =x .
Ta(z) = 22Ty 1(x) — Ty o(x) ford =2 .

By rearranging, we obtain the relation
xTy(r) = (Tyor(x) + Tyq(x))/2 . (4.14)

For convenience, we define Ty(z) = Tjq () for all d € N\Z and it is easy to verify
that the above recursive definition holds for all d € Z. We now explore some impor-
tant properties of these polynomials. First, an exercise reveals that for any 6 € R,
Tu(cos(#)) = cos(df). This property has several important consequences, but for now
we only exploit this fact to deduce that |T;(z)| < 1 for all z € [—1,1].

We next sketch the proof of Theorem 4.2.1 by relating the monomial z* to a
weighted sum of Chebyshev polynomials, where the weights are induced by a random
walk. Consider a random walk which starts at 0 and at each time step ¢ make the
moves t+1 with equal probability. We associate with the moves a sequence of (i.i.d.)
random variables Y7, Y5,.... The position after ¢ steps is denoted by Y., = Zle Y.
We use this process to derive an approximation for z'. Let us begin by observing the
following consequence of Equation (4.14).

Lemma 4.2.1 For anyteN, Ey, _y,[Ty,.,(x)] = 2"

5These assumptions can be avoided, see bibliographic remarks.
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In words, x! is a weighted sum of monomials of a lower degree, where the weight of each
monomial is proportional to the probability that a random walk with ¢ steps would
end at the corresponding position. Clearly, the expected position is 0. Moreover, we
can use concentration of measure in order to approximate x! using a polynomial of
degree roughly /t. Namely, based on Chernoff bound, we know that the probability
that |Y1.| = d = 1/2slog(2/e) is at most €. By using the fact that |T;(z)| < 1 for all
x € [—1,1], it can be shown that the polynomial

pra() = By vi[Tyvi, - Ivie<al »

which is simply a degree-d truncation of x!, approximates x! up to an error e. Filling
the missing parts of the proof is left as an exercise.

Exercises

Exercise 4.2.1 Let A € S%, and let b € R, Assume that for some t, the set
{b, Ab, ..., Ab} is linearly dependent. Conclude that the solution x* = A7'b lies
in span{b, Ab, ..., A" 'b}. In particular, conclude that CG finds an exact solution to
the system Ax = b after at most d iterations.

Exercise 4.2.2 Write a pseudo-code of the Conjugate Gradient method. It should be
made explicit that the only information available to the method on the function fay
is via an oracle which given a vector x, returns V f,p(x) (in particular, A and b are
not known in advance).

Exercise 4.2.3 Prove the inequality in (4.12).

Exercise 4.2.4 FEaxtend the analysis of CG to the case where A is positive semidefinite
and b lies in the column space of A.

Exercise 4.2.5* (Better bound for clustered eigenvalues) Prove the following
bound of CG: Let A € S, b that lies in column space of A and € > 0. Suppose
that all but m of the eigenvalues of A line in the range [a,b]. Then CG finds an
e-approzimate minimizer after at most m + O(y/b/alog(|x|a/€)) iterations.

Exercise 4.2.6
1. For any 0 € R, T;(cos()) = cos(dh).

2. Conclude that max,e—1,17|Ta(z)| = 1 and the extreme value is obtained by x; =
cos(j0/d) for j € {0,...,d}, where the sign of Ty(x) alternates at these points.

3. Draw Ty|—111 for d € {0,...,4}.
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Exercise 4.2.7* Prove Lemma 4.2.1 and complete the proof of Theorem J.2.1. (Hint:
Note that supger_1 1 [#" = Py ()] = sWaer—1y [Bvi,vi[ Ty (@) - Yy, oyl What can

you say about Ey, v, [1[Y1:t>(g]] ?)

Exercise 4.2.8* (Lower bound for quadratic optimization in the black-box
model) We prove the lower bound stated at the end of the lecture. To simplify the
proof we consider an infinite-dimensional space (and establish the dependence on the
condition number). We also assume that the first-order method starts from the point
xo = 0 and always maintain a solution in the span of the previous gradients.

Let 0 < a < 8 be two scalars and denote k = g Let A = by — Uy be® an infinite
tridiagonal matrix with 2 on the diagonal and —1 on the upper and lower diagonals
(i.e., A;; = —1 for alli,j such that |i — j| = 1). Consider the function
alk

-1
—)(xTAa: — 2e]7) + %HxHQ .

fla) = 25

Let A be an algorithm whose access to the function f is via the black-box model and
denote the iterates of A by xo, 1, .. ..

1. Show that 0 < A < 41].

2. Show that finding w that satisfies f(w) < mingega f(w) + € is equivalent to
solving a linear system with a matriz A that satisfies k(A) = k.

3. Show that for for every t, x; € span({ey, ..., e}).

4. Show that the optimal solution, denoted x*, satisfies the following infinite set of
equations

2(k+1)
k—1
. 2(k+ 1)
k-1

1- i+ 2 ,=0

e

* * .
T, +x,,=0, 1>2

5. Conclude that x} = (‘/E;})l

5

6. Show that f(z;) — f(z*) = oy — 2*|* = £ 372, 21

7. Conclude that unless t = Q(y/kIn(a/e)), f(x:) — f(a*) > €.

Exercise 4.2.9 TODO: Lanczos for a general symmetric matrix

6The space £y is the inner-product space consisting of all sequences (1, Z2,...) € R* such that
N oa? < oo,

1=1"
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4.3 Unconstrained Smooth Convex Optimization

In the previous section we proved an upper bound on the convergence rate of GD for
quadratic functions. A careful reader would observe that the analysis holds for a wider
class of objective functions; Namely, during the analysis we have not relied on the fact
that the second-order Taylor approximation is accurate (4.3). Instead, we derived
lower and upper bounds on the second-order term (4.4) and relied solely on these
bounds during the analysis. We now exploit this fact in order to significantly extend
the scope of our results. For simplicity, we focus now on unconstrained optimization.
We always assume that minimizers exist.

Definition 4.3.1 Let f : R? — R be a continuously differentiable function. We say
that f is B-smooth if the gradient of f is B-Lipschitz, i.e., for all x,y € R?,

IVf(z) = fWll < Blz =yl -

Lemma 4.3.1 If f : R? - R is B-smooth, then

Dyly. ) = f() ~ (F@) + V@) (s =) < Sle —l? for allz,y e R (115)

Furthermore, if f is twice continuously differentiable, then both the [-smoothness of
f and Equation (4.15) are equivalent to the condition A\ (V?*f(x)) < B for all x € R.

Definition 4.3.2 Let f : R? — R be a convex function. We say that f is a-strongly
convez if for all z,y € R and v e df(x),

a
f) = (f@) + o'y —2)) = Sy — [
(In particular, if f is differentiable at x, then Dy(y,x) = S|y — x|? for all y € R%.)

Note that a strongly convex function is strictly convex and therefore, minimizers of
strongly convex functions are unique. An important 1-strongly convex function is
the Tikhonov regularization 3|w|? (it is also 1-smooth). If f is a-strongly convex
function and g is p-strongly convex, then f + g is a + p-strongly convex function.
Also, for any positive scalar A > 0, A\f is Ada-strongly convex. If ¢ is only assumed to
be convex, then the sum f + g is a-strongly convex.

Lemma 4.3.2 Assume that f : R? — R is twice continuously differentiable. Then f
is a-strongly convex if and only if \g(V2f(x)) = « for all x.

The quadratic objective we considered in the previous section was Aj-smooth and A4-
strongly convex. As we mentioned above, the analysis in the previous section merely
relied on these two facts. We thus conclude the following important generalization of
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Theorem 4.1.1. The condition number of a S-smooth and a-strongly convex function
f is defined by
K(f) = Bfe.

In our context, Z is an e-approximate minimizer for a function f : R? — R if f(z) <
f(x) + € for all z.

Theorem 4.3.1 Let f : R? — R be a B-smooth and a-strongly convex function that
admits a (unique) minimizer. Given an accuracy parameter € > 0, GD finds an
e-approximate solution after O(k(A)log(Ao/€)) iterations, where Ay = f(xg) — f(x*).

Application: Regularized Loss Minimization for Linear Pre-
diction

We consider a regularized risk minimization (RLM) objective of the form:

min — w' z;) + —|lw cweRTY 4.16
{ = s o) + Sl } (416)
where 21, ..., x, € R? are vector instances, ¢1, ..., ¢, are univariate convex functions
which are usually associated with a sequence of labels, y1,...,y, € R, and A > 0 is

a (Tikhonov) regularization parameter. For example, the standard Ridge regression
objective is obtained by defining ¢;(z) = (y; — 2)?. Another important example is
logistic Ridge regression, corresponding to ¢;(z) = log(1 + exp(—y;z)). We assume
now that

each ¢; is f-smooth and a-strongly convex . (4.17)

(where o might be zero)”. For example, it can be verified that the square loss is
1-smooth and 1-strongly convex and the logistic loss is 1/4-smooth and 0-strongly
convex. We would like to analyze the smoothness and the strong convexity parameters
of L. For simplicity, we consider the case where each ¢; is twice differentiable. Using
the chain rule, we see that the Gradient and the Hessian of L are given by
VL(w) = ligb'(wT:vi)xi + A, V2L(w) 12"1 "w'z)w] + M.
n i=1

i=1

3

Denoting C' = %Z?:l z;r] , we see that the largest eigenvalue of the Hessian at any
point w is at most SA;(C) + X\ and the smallest eigenvalue is at least aXs(C) + A
(where both o and A\;(C') can be zero). This immediately implies that

fis (BA(C) + A)-smooth and (aA;(C) + A)-strongly convex . (4.18)

"We use the following convention: a convex but not necessarily strongly convex function is said
to be 0-strongly convex function.
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In fact, the above is true even when the ¢;’s are not twice differentiable. Here is one
concrete implication: note that A (C') < maxep,) |2;]> =: R*. Hence, the convergence
rate of GD when applied to logistic ridge regression is O(R2\ "1 log(1/€)). Since every
gradient computation costs O(nd), the overall runtime is O(R*\ 'ndlog(1/e)).

Nesterov’s Accelerated Gradient Descent

While we were able to extend the analysis of GD from the quadratic case to the
smooth and strongly convex case, no such extension is known for CG. Fortunately,
in 1983, Nesterov came up with the Accelerated Gradient Descent (AGD) method
which similarly to CG, enjoys a quadratic saving in terms of the dependence on the
condition number. The modification is simple: the update rule of AGD forms a linear
combination of the current and the previous updates of GD. While the modification
is simple, the intuition behind it is not transparent. Indeed, several recent works
attempt to derive alternative explanations for AGD (or closer versions of AGD). We
know from the previous lecture that the bound of AGD is optimal w.r.t. first-order
methods (indeed, quadratic functions form a subclass of smooth and strongly convex
functions).

Reducing smooth convex optimization to smooth and strongly
convex optimization

We now consider the case where f : R? — R is 3-smooth and convex but not neces-
sarily strongly convex (or alternatively, the strong convexity parameter is tiny). In
this case GD has the following convergence rate.

Theorem 4.3.2 Let f : R? — R be a conver and -smooth function and let x* be

a minimizer of f. Suppose that we run GD with step size n = B~L. Then, for any
*||12

e > 0, after at most m + 1 iterations, GD arrives at an e-approrimate minimizer.

Instead of directly proving that GD enjoys the claimed complexity, we propose a
similar algorithm with slightly worse convergence rate. Our strategy is to reduce
the smooth case to the smooth and strongly convex case. Specifically, instead of
directly applying GD to the function f, we will apply it to the function f(z) =
f(z) + 2| z|*>. Note that the function fis (B + A)-smooth and A-strongly convex. As
the convergence rate of GD scales with the ratio (5+\)/A, the larger is A, the faster is
the convergence. However, we should not perturb the function f too much. Namely,
A should be small enough such that an approximate minimizer to f would also form
an approximate minimizer of f. Let us formalize this requirement. Suppose that z is
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an €/2-approximate minimizer to f. Letting z* be any minimizer of f, we have

Therefore, by choosing A = ¢||z*| ™2, we obtain e-approximation for the original ob-
jective. Note that runtime of this strategy yields the bound O (M log(AO/e))

which is worse than the stated bound by factor log(A/e). We can avoid this extra
dependence by applying the above strategy more carefully (see Exercise (4.3.5%)).
From algorithmic point of view, the reduction approach has several disadvantages.
First, x* is not known so we need to estimate a bound on its norm. In machine learn-
ing applications, this often requires us to tune A (e.g., via cross validation). Another
disadvantage is that the accuracy should be fixed before running the algorithm (how-
ever, this is not the case in Exercise (4.3.5%)). However, the reduction strategy is
quite elegant and general (see next subsection). It allows us to avoid spending several
lectures on analyzing the rate of first-order methods for each class of of functions.
Furthermore, it sheds a light on the relation between different classes of functions.

Acceleration for The Smooth Case

A slight modification to AGD yields the bound O (%) for the [-smooth case.
Thus, we obtain an improvement of factor 1/4/e. This bound is optimal w.r.t. first-
order methods. It is an easy exercise to obtain a slightly weaker bound by reducing
to the smooth and strongly convex case and applying AGD. One can show that this

bound is optimal w.r.t. first-order methods.

Exercises

Exercise 4.3.1 Assume that f : R? — R is twice continuously differentiable. Prove
the equivalence stated in Lemma /.5.1.

Exercise 4.3.2* Prove the first part of Lemma 4.3.1. (Hint: Consider the function
o(t) = f(x +t(ly —x)). Use the fundamental theorem of calculus together with the
Cauchy-Schwarz inequality.)

Exercise 4.3.3 Prove Lemma 4.5.2.

Exercise 4.3.4
Consider an RLM objective where each ¢; is B-smooth and «-strongly convex.

1. Prove (}.18).
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2. Deduce the bound on the convergence rate of GD for the following cases:

(a) Regularized logistic regression.

(b) Regularized squared hinge-loss: ¢;(z) = max{0, (1 — y;2)}.

3. Consider the case where o > 0 but A\g(C') = 0. Prove that the restriction of the
function L to the subspace spanned by {xi,...,x,} is aX.(C) + X, where r is
the rank of C. Deduce a bound on the convergence of GD for this case.

Exercise 4.3.5* Let f : R — R be a convex and B-smooth function and let x* be a
minimizer of f. In this question we use the reduction technique in order to suggest
an algorithm that attains the stated in Theorem 4.5.2 . The basic idea s to apply the
reduction in an iterative manner, where each time we decrease the suboptimality by a
constant multiplicative factor.

Let 19 = xo = 0 and og be a positive scalar. At each timet =0,1,..., we run GD
on the function

file) = f@) + 3 Jo?

with the starting point &; for q. = O(B/oy) iterations. We call the resulted point &y, 1
and define o111 = 04/2. For the sake of the analysis, let x; be the minimizer of f;.
Denote by Ay = f(&,) — f(2*) and Ay = fi(2) — fi(a).

1. Show that for all t, |z}| < |z*].
2. Show that Ay < A.

3. Show that for all t, the condition number of f; is (B + o1)/or. Conclude that by
appropriately setting the constants in the definition of q;, we ensure that for all
t=1,2,..., .

Ay

T

Jio1(Z) = fir(w]_y) <

4. Show that for allt =1,2,...,

AVERY gt

A A~ * 0 * A
Ay = fia(@) = fiala)) + (|27 = @) < T T3

2

=) .

5. Suppose we choose o with o < Aof|z*|?. Use induction to deduce that A, <
2_tAD.

6. Use induction to deduce that A, < 27D A,

7. Conclude that the suggested algorithm attains the bound stated in Theorem j.3.2.

Exercise 4.3.6
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1. Use the reduction from the smooth case to the smooth and strongly convez in
order to prove a bound of O(|z*|Blog(1/€)/\/€) for the B-smooth case.

2. Use Exercise (4.3.5%) to avoid the extra dependence on log(1/e).

TODO: multiclass
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4.4 Computing Eigenvalues: Power Method vs.
Lanczos Method

In this lecture we consider the task of computing approximating the k leading eigen-
values of a symmetric matrix A € R™?. In many senses, this challenge is similar to
the problem of solving a linear system. For example, exact computation of the eigen-
value decomposition (EVD) can be carried out in time O(d”). Hence, the starting
points are identical: since this computational cost is usually prohibitively expensive
(and since the corresponding methods do not exploit sparsity conditions), we seek
for more efficient iterative methods which provably converge to the solution of the
problem.

We present two algorithms, namely the Power method and the Lanczos method.
We will see that the relation between the Lanczos method and the Power method
resembles the relation between the Gradient Descent and the Conjugate Gradient. In
particular, our presentation of the Lanczos method demonstrates another important
implication of Theorem 4.2.1.

While the problems share a lot in common, we will shortly observe a significant
dissimilarity between the problems: while approximately solving linear systems is
equivalent to quadratic convex problem, the problem of approximating the leading
eigenvalues is not convex!

For simplicity, we focus on the case where A € R¥? psd and & = 1. We denote
the spectral (a.k.a. EVD) decomposition of A by A = ijl Aiugu; . Recall that

x Ax

M(A) = max { fla) = }

zERL:2#£0 Tz

In our context, an e-approximate maximizer for f is a vector v # 0 which satisfies
f(v) = (1 —€)A;. Remarkably, the objective f is substantially not convex. Neverthe-
less, we have quite fast methods for this task.

Power method

Perhaps, the most popular method is the Power method (a.k.a. Power iteration)®.
Let 1 = v be a vector chosen uniformly at random from the unit sphere. The power
method repeatedly multiplies v by A (and possibly normalize the outcome vector on
every round). Denoting the presentation of v according to the eigenbasis by Y1 | ayu,
we have that

d
= A"y = Z i\ (4.19)

i=1

8The standard method for drawing such a vector is to draw each coordinate i.i.d. according to
N(0,1) and normalize the outcome
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We use the following fact:
P(a? > 1/(9d)) = 1/2 . (4.20)

Our analysis is conditioned on the event corresponding to (4.20), i.e., in the sequel
we simply assume that (4.20) holds. The main idea behind the Power method is as
follows: as we proceed, we expect that for any A; which is strictly smaller than A,
the gap between \! to \! would be large. As a consequence, we expect that z; would
converge to a vector that lies in the eigenspace corresponding to A;. Indeed, we will
shortly prove the following theorem.

Theorem 4.4.1 Let € > 0. With probability at least 1/2, after t = O (5 log(9In/e)),
the vector x; maintained by the Power method satisfies x;‘ix = (1—¢€)\. The overall

computational complezity is O (tatlog(n/e)).

Lanczos method

Note that the vector z; maintained by the Power method belongs to the Krylov
subspace K; = {v, Av, ..., A" 1v}. Analogously to CG, the Lanczos method maintains
the relation
x; € argmax f(x) .
zeK
The implementation is quite similar to CG. We construct an orthonormal basis,
Vo, .-,V 1, for Ky (in this case, the v;’s are orthonormal w.r.t. the standard in-
ner product rather than w.r.t. to the inner product induced by A). Similarly to CG,
by choosing vy = v, we ensure that the Gram-Schmidt process can be implemented
efficiently. We leave it as an exercise to show that for any ¢ < s —1 < t, U;AUS =0,
and consequently, the set {vp, ..., v,—1} can be constructed in time O(t(t4 + d)). Let
V e R%? be the matrix whose columns are vy, ...,v_1. Since VV' T is a projection
matrix onto Ky, for any nonzero x € K; we have
Az TVVTAVVTz  (V'z)"B(VTz)
2’r VYV IV VT (Vi) (Vi) '
——

=1

where B = V' AV € R™!. Note that the map x € K; — V 'z is a bijection (it maps
every vector in K to its coefficients according to the orthonormal basis V). Also, the
matrix B is tridiagonal. It follows that we can compute x; as follows:

1. Compute the matrix B in time O(t(t4 + d)).

2. Find an exact leading eigenvector z of B in time O(#*) (in fact, since B is
tridiagonal, one can show that this step actually costs O(t?)).

3. Compute x; = Vz in time td.
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All in all, the computation of z; costs O(t(ta + d) + t?). We obtain the following
improved bound.

Theorem 4.4.2 Let ¢ > 0. With probability at least 1/2, after t = O (% log(9n/e)) ,

the vector x; maintained by the Lanczos method satisfies z;{if > (1—€)\;. The overall

computational complezity is O (tAﬁ log(n/e)).

Analysis of the Methods

We next analyze the the convergence rate of the Lanczos method. Along the way,
we will also conclude the desired bound on the convergence of the Power method.
Therefore, we will deduce Theorem 4.4.1 and Theorem 4.4.2. Given an accuracy
parameter € > 0, we would like to obtain an upper bound on the minimal ¢ for which
we have that ’\17/\—}01(9“) < €. Note that for both methods, every vector x € K; can be
written as p(A)v for some polynomial p € ¥, 1, we have that

v p(A)Ap(A)v
T; = arg max = .
PEX_1 v

Since v = Y quu;, A= Nuu! and p(A) = 3 p(\)wsu] , we have that

f(xt) — max Z?zl 0422 (AZ) Ai .
el M aZp(\)?

Therefore, for any p € ¥;_1,

A — f(e) _1_ [ (@) < et @7p(N)* (1 — Ai/A1)
A1 Mo 21 ip(Ai)? '

We now split the sum in the enumerator into two parts, depending on whether 1 —
Ai/A1 < e. Let I < [n] be the set of indices for which the corresponding inequality
holds. It follows that

A1 — flxy) et Z?séf ap(Xi)*(1 = Xi/ M)

A h Z?:l a?p(&)z’
L oa2p(\)?
<e Z:f[ 0‘2217( i)
2uim1 4 p(Ni)?
Zigé] a?p(/\i)2
b aip(Ar)?

< Inmax(p(h)*/p(M)°) -
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It is seen that for to = 1 + [ 5 log(9In/e)], for every z € [0, (1 — €)A1], the polynomial
po(x) = alo!
p(x)*/pn)? < (L— ™™V <e/n.

Consequently,
A — fl@y,)
A1
As a byproduct, we just obtained a proof for Theorem 4.4.1. As in the analysis of CG,

the improved rate of the Lanczos method can be proved by means of approximation
theory. Namely, from Theorem 4.2.1 we know that there exits a polynomial p,, 4 of

< 2e

degree d = [4/2tylog(2n/e)| = O (\/LE 10g(n/e)> which approximates the polynomial

po over [—1,1] up to an error ¢/n. Since \;/A\; € [0,1] for all i, we deduce a speedup
of factor 1/4/€ for the Lanczos method.

The condition number of eigenvalue problems

Lastly, we discuss the rates of the Lanczos method and the Power method under
the assumption that A\, is strictly smaller than A;. Intuitively, the larger is the gap,
we expect the convergence to be faster. This intuition is affirmed by the following
theorem whose proof is left as an exercise.

Theorem 4.4.3 Assume that \y — Xy > 0 and define the condition number k = ﬁ

be the condition number. In this context, we say that x is an e-approximate mazximizer
if both f(z) = (1 — €)X and {x/|z|,u1) =1 — €. Then, for any €, the following holds
with probability at least 1/2:

1. The Power method achieves an e-approximate mazimizer aftert = O(rlog(n/e))
iterations.

2. The Lanczos method achieves an e-approzimate mazimizer aftert = O(y/k log(n/e))
iterations.

As we see, different optimization problems give rise to different definitions of the

condition number.

Exercises

Exercise 4.4.1 Prove Theorem /./.5.
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4.5 Conditioning and Newton’s Method

From here on out, the notes will be more sketchy.

Basic framework for Conditioning

1.

Preconditioning: instead of minimizing f(x), we minimize f(g(z)), where g is
an invertible funciton.

For now we consider the case where f : R — R? and ¢ : R? — R? is induced
by a positive definite matrix of the form P~? (denoting the EVD of P by
P =Y N, then P12 = S Ayl ).

i

. Consider a stongly convex quadratic objective f(x) = 2" Az+b'x, where A > 0.

We know that the condition number is A; /A4, where )\; is the i-th eigenvalue of
A. What would happen if we choose P to be the Hessian, i.e., P = A? The
new objective becomes

flg(x)) = fF(P22) =2 PY2AP Y2 0 4 (P7VP0) T .
I

We see that the new objective is perfectly conditioned! We call this P the
Newton’s conditioner.

1/2

The catch is that computing P~/ is hard as solving the problem.

Still, more sophisticated conditioners are useful for minimizing quadratic objec-
tives (equivalently, solving linear systems). For example, conditioning is widely
used in the context of Laplacian solvers (see | D).

Newton’s Method

1. Conditioning can be also incorporated more adaptively (in this case it is called

conditioning rather than preconditioning).

2. Suppose that we aim at minimizing a smooth and strongly convex function

(which is not necessarily quadratic) over R?. We already know how to apply
Gradient Descent to this problem. A natural extension of the scheme proposed
above is to compute the Hessian at each round and use it as a conditioner.
Precisely, we maintain two iterates, x; and Z;, where x; lies in the original space
and 7; lies in the so-called conditioned space. At each time ¢, the relation
between x; and z; is given by z; = Ptl/ 21}, where P, = V2f (). While the
function being minimized in the original space is fixed (namely, this is the
function f), we define the conditioned function at time ¢ by f,(y) = f(Pt_l/ *y).
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As in the quadratic case, we next see that at the point Z;, the function ff is
perfectly conditioned.

3. The gradient of f, at any point y is P2V f(P~/2y) and the Hessian is
P2V f(P~1/2y) P12, In particular,

Vft(ft) = P_l/zvf(x)7 V2ft(i't) =1.
4. Thus, our strategy is as follows. Start with x1 = 0. At each time ¢, perform the
following update:

(a) Compute #; = P2z, and make a step in the direction of the gradient in
the condition space, i.e., let

Tpp1 = Ty — Wvﬁ(jt) =T — UPil/QVf(xt) .

(b) Map %41 back to the original space. Simple calculation gives the folliwing
rule:

Ti41 = P_l/zftﬂ =Ty — 77P_1Vf($t) =Ty — nVQf(:Bt)_lvf(xt) :

(c) The obtained algorithm is called Newton’s method. As we expect,
under some suitable assumptions (self-concordance), the convergence of
Newton’s method is independent of the condition number. We refer to
[ | for more detials.

A Brief Overview of the Interior Point Method

We briefly introduced the main idea behaind interior point methods. We refer to
Chapter 3-5 in This notes for further reading.
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Chapter 5

Online and Stochastic (Convex)
Optimization

5.1

Online Convex Optimization

Main refernce: We follow the survey | ]

1.

5.2

1.

2.

The online convex optimization model, Regularized Follow the Leader (RFTL),
Online Gradient Descent (OGD): sections 2.1-2.4.

Strongly Convex Regularizers: from Online
Gradient Descent to Exponentiated Gradient

We covered Section 2.5.

We simplified the proof of lemma 2.8 as we considered only the case where w;,
belongs to the interior so its gradient/subgradient vanishes. See the full proof
in the survey.

Recall that S is the decision set and U is the set of competitors. Note that the
FTL lemma (lemma 2.1), which is the basis for the analysis of RFTL, provides
a bound w.r.t. a competitor u € S. Hence, to ensure that the bounds are valid
w.r.t. any competitor in U, we must form some restriction on the relationship
between S and U. While the restriction U < S obviously works, it can be seen
that it suffices to require that the closure of S contains the set U. Note that the
later restriction holds in all the setups we consider. For example, in the expert
setting, we consider the set S = {w e R%_ : Y w; = 1}. While this set does not
contain the set of competitors U = {eq, ..., ey4}, the closure of S does contain
this set.

73
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74 Exponentiated Gradient
4. In the beginning of the next lecture we will prove that the negative entropy is
1-strongly convex w.r.t. | - |;.
Exercises

Exercise 5.2.1 (Projected Online Gradient Descent) In this question we ex-
tend OGD to the constrained setting. Consider the following setup of RFTL. Let
U=S={weR?: |w| < B} for some B> 0. Consider the Regularizer R : R? — R
defined by R(w) = 3|w|3 + Is(w), where Is(w) =0 if w e S and +oo if w ¢ S. The
class of loss functions under consideration consists of all the convex functions defined
over some open set D 2 S which are L-Lipschitz w.r.t. || ||2. As we saw in class, we
may assume w.l.o.g. that each f; is linear, i.e., fi(w) = 2w for some z." We also
derived the regret bound Ry < /2T BL for the corresponding instance of RFTL.

We now show that this instance coincides with a lazy® version of projected OGD.
Namely, the algorithm is described by:

wo =0, wy = HS(—UZ zi)
1<t

where Ilg is the projection onto the set S, i.e.,

o(w) = 1 ° |w| < B
w) = .
5 Low  |uw| > B

(Hint: denote by 0 = — ., z; and show that wy is the minimizer of |w — nf| over

S.)

Exercise 5.2.2 Consider the model of prediction with expert advice. Fach vector
in U = {e1,...,eq} corresponds to an expert. The loss functions are of the form
fi(w) = zJw. The loss of expert i at time t, denoted z;, lies in the range [—1,1].
The learner is allowed to choose its decision from the set S = {w e RL : > w; = 1}.5
Let us apply the RFTL algorithm with the negative entropy reqularizer R : R‘fr +—R
defined by R(w) = >, w;logw,;. We call the resulted algorithm Ezponentiated Gradient
(EG). Show that EG corresponds to the following update rule:

Wy eXp(—nzt,i)

25:1 wy; exp(—n2,i) '

wy = (1/d7 .- 71/d)7 We41,4 =

(Hint: use Corollary 2.1.1.)

"'We simply set z; € 0f;(w;) and observed that the regret with respect to the z;’s upper bounds
the regret with respect the f;’s.

2The algorithm is lazy in the sense that if are only interested in computing the last iterate wr we
do not need to compute all the w;’s and in particular, we do not need to perform all the projections.

3Technically, we do not allow the learner to put zero probability on any expert. The analysis
shows that this restriction is not harmful.
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Exercise 5.2.3 Recall the formulation of a zero-sum game from Ezercise (1.1.12).
In Ezercise (2.2.6*) we proved the minimax theorem by using the separation theorem.
We now provide a constructive proof. Namely, we show that the EG algorithm can be
used to approximately find an optimal strategy both for the row player and the column
player.

We assume for simplicity that the entries of the matriz A belong to |0,1]. Recall
that the column player wishes to minimize its loss. Consider a repeated game where
at each round, the column player chooses a probability vector q; and thereafter the
row player responds with its best (pure) response (the fact that the best response is
pure follows from Ezercise (1.1.12)). We assume that the column player uses the EG
algorithm to maintain the probability vector q;. Let p = %ZtT:l pe and q = %Zthl G-
Show that for any € > 0, there exists T such that after T rounds, both p' Aqg = mM —e
for all ¢ and p" Aqg < Mm + € for all p. Conclude that Mm = mM.
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5.3 Multi-armed Bandit

We follow section 4.2 in | ]. The bandit setting is very similar to
the standard experts setting. In both cases, at time ¢ the learner chooses, possibly at
random an expert ¢; € [d]. Denoting the loss of expert ¢ at time ¢ by z;; and letting w;
be the probability vector maintained by the learner, the loss incurred by the learner
is the expected loss of the chosen expert, i.e.,

E[fi(wi)] = Eijmw, = 2/ w -

The only (important) difference is the received feedback. While in the experts setting
the learner gets to see the losses of all the experts (i.e., it observes the vector z),
in the bandit setting the only available information to the learner is the loss of the
chosen learner #; (i.e., the learner only observes z;;). We call this problem multi-
armed Bandit due to its similarity to gambling, where each expert is viewed as a
single arm and the loss associated with each arm is the gain resulted from picking it.

This setting is very natural. Indeed, in many (learning) tasks we can only observe
the outcome of our choice. For instance, this is often the case in source routing and
web advertising tasks.?

Due to the limited feedback, the learner faces the fundamental exploration-exploitation
tradeoff. On one hand, the learner wishes to exploit the information received through-
out the learning process and follow the experts that seem most successful. On the
other hand, due the adversarial characteristic of our setting, the learner must sample
every expert from time to time.

5.3.1 Reducing the bandit setting to the experts setting by
devoting fixed amount of time to exploration

We next describe an algorithm named MAB that essentially reduces the bandit setting
to the standard setting.” The main idea is as follows. Let us divide the time interval
T into k time subintervals of equal size. Roughly speaking, we will associate every
subinterval with a single round of the EG algorithm. As we describe below, at the
beginning of every subinterval I (s € [k]), MAB generates a random vector {5 | €
[—1,1]¢ which forms an unbiased estimate to the average loss of the experts during
the previous subinterval. Then it passes this vector to EG which in turn, uses this
feedback in order to update its weights over the arms. Throughout the following
subinterval, MAB chooses its actions according to this distribution except for randomly

4In source routing we need to find a path between a source and a target. The cost associated
with each path is the congestion along this path. Ad placement is the problem of deciding which
advertisement to display on a web page. The gain (or negative loss) is associated with the visitors’
actions (e.g., whether the user downloaded the software or not).

>This part is not covered in | ].
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chosen d time steps® in which it sample each arm once. The vector ¢, consists of
exactly these estimates. Note that indeed, for every j € [d], {5, is an unbiased
estimate of the average loss of the j-th expert during the s-th interval. Note also that
the regret of EG w.r.t. to the sequence {4,..., ¢ is O(4/klog(d)). By relating the
expected loss of EG to the expected loss of MAB ;| we are able to prove the following
result.

Theorem 5.3.1 Let the number of subintervals be k = (T/d)** and assume that
k > d. The expected regret of the suggested method is O(T??(dlog(d))"?).

Note that to ensure that the average regret is at most €, we need T to be of order
Q(d/e).

5.3.2 Exp3: Simultaneous exploration-exploitation

Instead of separting between exploration and exploitation, the Exp3 algrotithm pe-
forms these tasks simultaneously. Similarly to MAB, the Exp3 feeds the EG algorithms
with unbiased estimates of the losses. The main difference is that the size of each
interval is 1. Obviously, we can only sample one arm in each block. However, as we
next explain, we can still produce unbiased estimates of the loss. Recall that at time
t, the learner chooses an action i; according to the (positive) probability vector wy.

Let
A L=
2. = Wt,i
t, . .
0 17 U

We next observe that Z;; is an unbiased estimate of z;,. Indeed,

. A . . 2,
Elzi;|lw] = P(iy =) - 2+ P(iy #1) - 0 = wy; b

= zt,i .
Wy 4

Next, we argue that the expected loss of the learner w.r.t. the sequence (%)L, is
equal to the expected loss w.r.t. the sequence (z)_,. Indeed, by using the law of
total expectation as follows:

E[2]w:] = E[E[2] wi|w]] = E[z w,] .

Similarly, the expected loss of any fixed competitor u € {ey, ..., e} w.r.t. () is equal
to the expected loss w.r.t. the sequence (z;)Z_,. Finally, the same argument holds for
the regret. Therefore, it suffices to bound the expected regret of EG w.r.t. (%). To
this end, we need the following refined analysis of EG’s regret. To simplify matters,
we assume that the losses are nonnegative.

6Namely, the d chosen time steps are chosen uniformly at random. We do not require that the d
choices would be independent so it is easy to make sure that there are no collisions.
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Theorem 5.3.2 For any sequence of nonnegative loss vectors (zt)thl, the regret of
the EG algorithm is bounded above by

Rr log +nZZwtzz“.

t=1i=1

The proof is outlined in the exercises. Recall that the bound obtained using the
general bound of RFTL is

lo
Ry < 02l Z 22, -

The refined bound replaces the ¢, norm of each 2, (which corresponds to the Lips-
chitzness of the loss w.t.t. the ¢; norm) with the expression 3¢ | w, i2t;- Please note

. .. . d
that since w; has positive coordinates, the map z — 4/>." , w;z? is a norm. It is

called the local norm induced by w; and we denote it by | - ||,
In order to bound the expected regret of the Exp3 algorithm, it remains to bound
E[|2]2,] for each t. Using again the law of total expectation, we obtain

d
E [; wt,i’ét%i] = [Z Wy - Zt |wt]] =K [Z wt,i(wt,i . ’5]27% + 0)] _ Z 215271 <d 7

i=1 120
(recall that |z;;| <1 for all i). We summarize the above in the next theorem.

Theorem 5.3.3 The regret of the FExp3 algorithm is bounded above by

log(d)

Ry < +nTd .

log(d)
Td ’

By choosing n = we obtain that

Ry < 24/Tdlog(d) .

Note that to ensure that the average regret is at most €, we need T' to be of order
Q(d/e?). Therefore, we improve over MAB in factor 1/e.

Exercises

Exercise 5.3.1 Prove Theorem 5.5.1. (Hint: a) The overall regret during the explo-
ration rounds is trivially bounded by 2kd. b) Show that the expected regret of MAB at
the exploitation rounds is at most T /k times the expected regret of EG on the sequence

Oy ly)
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Exercise 5.3.2 FExplain why the bound in Theorem 5.3.2 1s indeed better than the
bound obtained using the RFTL bound.

Exercise 5.3.3 In the question we prove Theorem 5.5.2. We first introduce some
useful notation. Define the unnormalized weight vectors w; by

W= (1,...,1), Wy, = Wy exp(—nze,)

Also, let Wt = Zle Wy ;. Note that w; = ID“/VNVt Denote the expected loss of the

learner at time t by £, = w] z, and let (2 = X% w,;22,. The proof is divided into two

parts. The first part relate W, to the loss of the learner. The second part related W,
to the loss of any fixed expert.

1. Show that for any t, Wy = W, Z?Zl W exp(—nzt).

2. Use the inequalities exp(—1) < 1—x + 22 and 1 — x < exp(—x) which holds for
all x in order to deduce the inequality

T T
Wra <dexp(—n ) l+n° > 07) .
t=1 t=1

3. Show that for any expert j € [d], Wi = exp(—n Zthl 2t )

4. Deduce the theorem.
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5.4 Stochastic Dual Coordinate Ascent

The main resource for this lecture is | .



Chapter 6

Bibliographic Remarks

1. The Condition number: In the optimization literatue, a rate that scales
logarithmically with 1/e (as in Theorem 4.1.1) is often called a linear rate. This
stems from the fact that every “new right digit of the answer” takes constant
number of iterations.

2. Accelearation using Conhugate Gradient: We say that a set of vectors

{uq,...,u;} are A-conjugate if the set {uq,...,u;} is orthogonal according to
{-,->a. This explains the name of the CG method. The presentation in this sec-
tion is inspired by [ | and | |. TODO:

reference to the lower bound (Nemirovski & Yudin, Yossi, Agrawal).

3. Smooth Convex Optimization: TODO: reference to Hazan’s survey.
AGD and its variants The improved reduction detailed in Exercise (4.3.5%)
is from | ).
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