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Formulation of the main result

R ⊃ Zℓ is a ring.

F is a local field of char. ≠ ℓ. G is an
F -reductive group. K < G is an open compact.

Definition
HR(G,K ) = End(R[G/K ]) ≅ R[K /G/K ]

Theorem ([DHKM])

HR(G,K ) is finite over its center which is R-f.g.

We can assume R = Zℓ⟨
√

p⟩.
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C-finite objects

Definition

Let a (com. unital) ring C act on an object V ∈ M(G) ∶= MR(G). We
say that V is C-finite if

the image of C in End(V) is finitely generated over R.

For any compact open K < G, the module V K is f.g over C.

The above implies that End(V) is finite over C.

Proposition

Let C act on objects W ⊂ V ∈ MR(G), and let D → C.
1 V is D-finite then V is C-finite
2 If D → C is finite and V is C-finite then V is D-finite
3 V is D-finite then so is W.

The main Theorem is equivalent to the following one:

Theorem ([DHKM])

Any f.g. V ∈ MR(G) is Z(G) ∶= ZR(G) ∶= Z(MR(G))-finite.
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Reduction to representations induced from cuspidal

Theorem (Bernstein*)

any V ∈ Mf .g.
R (G) can be embedded

V ⊂⊕ iGMi
(Wi),

for some Mi
Levi< G and Z(Z(Mi))-finite (cusp.) Wi ∈ M(Mi).

So, it is enough to show

Theorem ([DHKM])

Let M < G be a Levi. Let W ∈ MR(M) be Z(Z(M))-finite
representation. Then iGM(W ) ∈ MR(G) is Z(G)-finite.

Proposition

In the situation above, iGM(W ) is Z(Z(M))-finite.

Proof.

iGM(W )K = ⊕
[x]∈K /G/P

W xKx−1
∩P
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The excursion algebra

Let G be an R-group scheme

with a (finite) action of GalF .
1→ P →W 0(F) → ⟨f ,s∣fsf−1 = sq⟩ → 1
P = P0 � P1⋯� Pn �⋯
Γn ∶=W 0(F)/Pn.
En(G) ” = ” O(Z 1(Γn,G)//G)
En,k = O(Z 1(Fk ,G)G) = O(Gk)G = O(Gk//G)
En(G) = lim

→
ϕ∶Fk→Γn

En,k

H → G ⇒ En(G) → En(H)
E(G) = lim

←

En(G)

En(G)red ↪ O(Z 1(Γn,G))G = O(Z 1(Γn,G)//G)
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Finiteness on the Galois side

Theorem ([DHKM])

The natural map Z 1(Γn,G)//G → G//Ãd(G) is finite

Corollary ([DHKM])

The natural map O(G//Ãd(G)) → En(G)red is finite

Corollary ([DHKM])

For H < G the map En(G)red → En(H)red is finite.

Proof.

En(G)red En(H)red

O(G//Ãd(G)) O(H//Ãd(H))finite

finite
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Fargues-Scholze Theory

We have
E(Ĝ) FSG→ Z(G) s.t.

for any Levi M < G and V ∈ M(M):

E(Ĝ) Z(G) End(iGM(V))

E(M̂) Z(M) End(V)

FSG

FSM
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E(Ĝ) E(Ĝ)red ZR(G)
FSR



Nilpotents
Theorem (Bernstein)

ZC(G) ≅ ∏β∈BOC(Tβ//Wβ)

Corollary

ZC(G) is nilpotent free

Lemma

the natural map i ∶ ZR(G) → ZQ̄ℓ
(G) is an embeding

Proof.

i(z) = 0

⇒ z ∣P = 0 for projective P ⇒ z = 0

Corollary

ZR(G) is nilpotent free

Corollary
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E(Ĝ)red Z(G) End(iGM(W )) iGM(W )

En(Ĝ)red
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Bernstein decomposition

f.g. compact⇒ admissible.
Z(G) = {ξ ∈ C−∞(G)ad(G) ∶ 1K ∗ ξ ∈ C∞c (G)}
rG
M is exact and preserves f.g. (K0P = G )
π ∈ irr(G) ⇒ π ↪ iG

M(ρ), ρ ∈ irr .cusp(G)
cuspidal⇔ compact modulo the center.
separation lemma: H(G) ↪ ∏π∈irr(G) End(π)
a compact representation splits the category
a cuspidal component splits the category

uniform admissibility
description iG

M(ρ)K
irreducible⇒ admissible
HK = HK (K0)BHK (K0)
Bounds on the dim. of a boundedly gen. com. sub-algebra of Matn

finitely many compact reps with K -fixed vectors.
M=Mcusp ⊕M�

cusp

cusp(π) = {(M, ρ) ∈ Ω(G)∣ρ ∈ JH(rG
M (ρ))}

geometric lemma⇒ ∣cusp(π)∣ = 1
if π admits Bernstein decomposition then so does any τ ⊂ π.
π ⊂ I(R(π)) ⇒ Decomposition
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second adjointness

(uniform) stabilization for adm. reps:
πK = Im(a∞λ ) ⊕Ker(a∞λ )
(iGM(iMM○(ρ)))K is f.g. free over C[M/M○]
iGM(ρχ) is irr. for generic χ

(uniform) stabilization for (iGM(iMM○(ρ)))
(uniform) stabilization forMf .g.

Jacquet’s lemma forMf .g.: Section for p ∶ V K → rG
M (V)M∩K

Casselman’s pairing: r̃G
M (π) ≅ r̄G

M (π̃)
2nd adj. for duals: Hom(iGM(τ), π̃)) ≅ Hom(τ, r̄G

M (π̃))
2nd adj.
(iGM(iMM○(ρ))) are projective generators
description of the center (in particular no nilpotents)
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Models of representations

Models of cuspidal representations – using matrix
coefitients
Models of projective generators
embeding π →⊕ iGMi

(indMi
M○i
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Galois finitness

want to show: Hom(Γ,G)//G finiteÐÐÐ→ G//G
Twisted Chevalley (Gerstenhaber theorem): N(T ) ↠ G//G

cancelation of dominant maps: X
dominantÐÐÐÐÐÐ→ Y Ð→ Z

dominance criterion: onto on level of k̄ -points.
x//G(k̄) = closed orbits
H//H → G//G is finite
handling extension.
Hom(P,G)/G is finite and discrete
reduction to the case P = 1
reduction to the toric case (dominance statement)
toric case
Corrollary: Hom(Γ,H)//H → Hom(Γ,G)//G is finite
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FS Theory

Want to construct E(Ĝ) → Z(C)
enogh to construct rep(ĜJ) → End(C)ΓJ

functoriali on J
geometric Satake: rep(Ĝ) ≅ PrevGO

GF

geometrizeM using FF curve
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enogh to construct rep(ĜJ) → End(C)ΓJ
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GF

geometrizeM using FF curve

Finiteness 15 / 15


