
Exercise 3 

1. Use elementary row operation on 𝐴  and 𝐼 (that is, use the augmented matrix [𝐴|𝐼] to find the 
inverse matrices of: 

1.1. ൭
1 0 2
2 −1 2
1 0 1

൱ 

 

1.2. ൮

1 2 −1 0
0 1 0 1
0 0 3 1
1 0 −1 2

൲ 

 

In Q’s 2-5: solve in matrix form: 

3. In exercise 1, question 4, you have shown that �̅� = ൭
2
7
8

൱ cannot be written as a linear combination 

of  𝑢തଵ = ൭
1
2
3

൱ , 𝑢തଶ = ൭
1
3
5

൱ , 𝑢തଷ = ൭
1
5
9

൱.  

3.1. Formulate this question as a matrix equation. 
3.2. What is the determinant of the matrix whose columns are 𝑢തଵ, 𝑢തଶ, 𝑢തଷ? Check your answer by 

direct calculation. 
 
4. For which values of the parameter 𝑎 does each of the following system has: 

4.1. A unique solution 
4.2. Infinite solutions (write down the general solution) 
4.3. No solution 

Remember: If you divide by 𝑎 check separately for the case where 𝑎 = 0. 
 

𝑥 + 2𝑦 + 𝑎𝑧 = −3 − 𝑎 

𝑥 + (2 − 𝑎)𝑦 − 𝑧 = 1 − 𝑎 
𝑎𝑥 + 𝑎𝑦 + 𝑧 = 6 



 
5. Systems with more variables than equations (𝑚 < 𝑛). 

5.1. Solve the following systems of equations. If there exists more than one solution, find a basis for 
the solutions set of the corresponding homogeneous  system: 

𝑥ଵ − 3𝑥ଶ + 2𝑥ଷ − 𝑥ସ + 2𝑥ହ = 2 
3𝑥ଵ − 9𝑥ଶ + 7𝑥ଷ − 𝑥ସ + 3𝑥ହ = 7 

2𝑥ଵ − 6𝑥ଶ + 7𝑥ଷ + 4𝑥ସ − 5𝑥ହ = 7 
 

5.2. Solve the following systems of equations. If there exists more than one solution, find a basis for 
the solutions set of the corresponding homogeneous  system: 

𝑥ଵ + 2𝑥ଶ − 3𝑥ଷ + 4𝑥ସ = 2 
2𝑥ଵ + 5𝑥ଶ − 2𝑥ଷ + 𝑥ସ = 1 

5𝑥ଵ + 12𝑥ଶ − 7𝑥ଷ + 6𝑥ସ = 3 
 

6. True or false? 
If a system of linear equations has more variables than equations then it has infinite solutions. 
 

7. Solve the following systems of equations. If there exists more than one solution, write the solution 
in parametric form: 

𝑥 + 2𝑦 − 3𝑧 = 1 
2𝑥 + 5𝑦 − 8𝑧 = 4 

3𝑥 + 8𝑦 − 13𝑧 = 7 
 

8. Solve the following system of equations. If there exists more than one solution, write the solution in 
parametric form: 

𝑥 + 2𝑦 − 3𝑧 = −1 
−3𝑥 + 𝑦 − 2 = −7 
5𝑥 + 3𝑦 − 4𝑧 = 2 

 
9. Consider the system: 

𝑥 + 𝑎𝑦 = 4 
𝑎𝑥 + 9𝑦 = 𝑏 

 
9.1. For which value of a does the system have a unique solution? 
9.2. For which pairs of values (𝑎, 𝑏) does the system have more than one solution? How many 

solutions does it have then? 
 
10. Consider the following three vectors: 

�̅�ଵ = ൭
1
1
1

൱ , �̅�ଶ = ൭
1

−3
2

൱ , �̅�ଷ = ൭
5

−1
−4

൱ 

10.1. Show that they are pairwise orthogonal. 

10.2. Show that they any vector 𝑢ത = ቆ
𝑥
𝑦
𝑧

ቇ in ℝଷ can be expressed by a linear combination of 

�̅�ଵ, �̅�ଶ and �̅�ଷ. In other words (see chapter 4): show that they form a basis of ℝଷ.   



10.3. Let 𝑢ത = ൭
4

14
−9

൱. Write down 𝑢ത  as a linear combination of �̅�ଵ, �̅�ଶ, �̅�ଷ. Use the fact that the 

given basis is an orthogonal basis. 
  


